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Abstrat
Equilibrium partile densities near a hard wall are studied for
a quantum uid made of point harges whih interat via Coulomb
potential without any regularization. In the framework of the grand-
anonial ensemble, we use an equivalene with a lassial system of
loops with random shapes, based on the Feynman-Ka path-integral
representation of the quantumGibbs fator. After systemati resum-
mations of Coulomb divergenes in the Mayer fugaity expansions of
loop densities, there appears a sreened potential φ. It obeys an
inhomogeneous Debye-Hükel equation with an eetive sreening
length whih depends on the distane from the wall. The formal
solution for φ an be expanded in powers of the ratios of the de
Broglie thermal wavelengths λα's of eah speies α and the limit
of the sreening length far away from the wall. In a regime of low
degeneray and weak oupling, exat analytial density proles are
alulated at rst order in two independent parameters. Beause
of the vanishing of wave-funtions lose to the wall, density proles
vanish gaussianly fast in the viinity of the wall over distanes λα's,
with an essential singularity in Plank onstant ~. When speies
have dierent masses, this eet is equivalent to the appearane of a
quantum surfae harge loalized on the wall and proportional to ~
at leading order. Then, density proles, as well as the eletrostati
potential drop reated by the harge-density prole, also involve a
term linear in ~ and whih deays exponentially fast over the las-
sial Debye sreening length ξD. The orresponding ontribution to
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the global surfae harge exatly ompensates the harge in the very
viinity of the surfae, so that the net eletri eld vanishes in the
bulk, as it should.
KEYWORDS : Coulomb interations, quantum mehanis,
hard wall, grand-anonial ensemble, inhomogeneous Debye equa-
tion, surfae harge.
1 Introdution
1.1 Issue at stake
In the present paper the equilibrium density proles in a quantum uid of
point harges are studied in the viinity of an impenetrable hard wall. The
wall, whih oupies the semi-innite region x < 0, has no internal struture
and its dieletri onstant is the same as that of the medium where harges
move. On the ontrary, the uid made of ns partile speies is desribed at
the mirosopi level in the framework of quantum statistial mehanis.
Two point harges eα and eα′ (where α is a speies index) interat via the
eletrostati interation eαeα′ v(r− r′), where
v(r− r′) = 1|r− r′| (1.1)
in Gauss units. (The harge eα inludes a fator 1/
√
ǫm in energy terms
when harges are embedded in a ontinuous medium with a relative diele-
tri onstant ǫm with respet to the vauum.) The interation is transla-
tionally invariant, and the anisotropy lies only in the geometri onstraint
enfored by the presene of the wall. The exat analytial expressions of
the density proles ρα(x)'s are obtained in a regime where exhange eets
are negligible and where Coulomb oupling is weak. Results hold for the
eletron-hole gas in an intrinsi semi-ondutor in the viinity of a juntion
or for a dilute and hot quantum plasma near a vessel wall.
The interesting point of the model is that it exhibits how a quantum
harge eet, gaussianly loalized over de Broglie thermal wavelengths in
the viinity of the wall, is arried by long-range Coulomb interations up to
larger distanes from the wall, with an exponential deay over a sale equal
to the oulombi sreening length. Indeed, whereas the density in a lassial
ideal gas is uniform in the whole region x > 0 and is disontinuous on the
wall surfae, the quantum density is ontinuous and vanishes at x = 0,
beause of the ontinuity of wave-funtions and their anellation inside
the impenetrable wall. At the inverse temperature β = 1/kBT (where kB
is Boltzmann onstant), in a low-degeneray limit quantum statistis is
redued to Maxwell-Boltzmann statistis, and the density ρidα (x) of speies
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α in an ideal gas with quantum dynamis vanishes gaussianly fast over the
sale of the thermal de Broglie wavelength λα,
ρidα (x) = ρ
B
α
(
1− e−2x2/λ2α
)
+ ρBαO
((
λα
aα
)3)
. (1.2)
In (1.2) ρBα is the bulk density for speies α, and
λα = ~
√
β
mα
, (1.3)
where ~ is Plank onstant and mα is the mass of speies α. The quantum
expression with Maxwell-Boltzmann statistis (1.2) is valid up to terms
of order (λα/aα)
3
, where aα is the mean interpartile distane between
partiles of the same speies α ((4/3)πρBαa
3
α = 1).
When Coulomb interations are taken into aount, there arises only one
third typial length sale, beause Coulomb interations are sale-invariant.
Then only two independent dimensionless parameters rule the physial
regimes of the system: the degeneray parameter and the Coulomb ou-
pling parameter. The degeneray parameter is (λ/a)3, where λ = supα{λα}
and a is a typial mean interpartile distane. When exhange eets are
negligible, (
λ
a
)3
≪ 1. (1.4)
The third length sale may be hosen to be either the lassial sreening
length ξD
ξ−1
D
= κD ≡
√√√√4πβ ns∑
α=1
ρBαe
2
α (1.5)
or the Landau length βe2, namely the lassial losest approah distane
between two typial like-harges e with kineti energy of order 1/β. Hene-
forth, the lassial Coulomb oupling parameter an be hosen to be equal
either to the ratios (a/ξD)
3
, βe2/a ≡ Γ, or βe2/ξD ≡ 2εD. These ratios are
proportional to one another,(
a
ξD
)3
∝ εD ∝ Γ3/2. (1.6)
More preisely they are linked by the relations (a/ξD)
3 = CεD and εD =
[C/8]1/2 Γ3/2, where C is a numerial fator whih depends on the om-
position of the uid through ξD and on the relation between a and bulk
densities. In a weak-oupling regime(
a
ξD
)3
≪ 1. (1.7)
3
When both (1.4) and (1.7) are satised,
λ≪ a≪ ξD. (1.8)
Therefore, the low-degeneray and weak-oupling regime is also a regime
where κDλ≪ 1.
1.2 Results
In the low-degeneray and weak-oupling regime dened by (1.4) and (1.7),
the analytial expression for the prole density ρα(x) is alulated in a
subregime where the rst oupling orretion, of order εD = κDβe
2/2, and
the rst diration orretion, of order κDλ, dominate other oupling and
exhange orretions. At order εD lassial ontributions do not involve the
short-range ut-o that must be introdued in order to prevent the ollapse
of the system in the limit where ~ tends to zero. As shown in Setion 5,
the subregime orresponds to a saling where
ε2
D
≤
(
λ
a
)3
≪ εD. (1.9)
(1.9) an be reexpressed as ε3
D
≤ (κDλ)3 ≪ ε2D, sine (λ/a) ∝ κDλ/ε1/3D
by virtue of (1.6). In the subregime (1.9) the density prole in the region
x > 0 reads
ρα(x) = ρ
B
α
(
1− e−2x2 /λ2α
)
×
[
1− 1
2
κDβe
2
α L(κDx)− βeαΦ(x)
]
+ ρBα o (εD, κDλ) (1.10)
where o (εD, κDλ) denotes a sum of terms whih tend to zero faster than
either εD or κDλ when these parameters vanish (See (5.2)). When the
latter terms are negleted, ρα(x) appears as the produt of the ideal-gas
density (1.2) with a funtion arising from interation orretions. (The
generi properties of density proles are disussed in Setion 6.)
The density prole (1.10) results from the ombination of three eets:
rst, the vanishing of quantum wave-funtions in the viinity of the wall;
seond, the geometri repulsion from the wall [1℄, desribed by the lassial
part of the sreened self-energy due to the deformation of sreening louds,
(1/2)κDβe
2
α L(u), given in (5.14); third, the interation eαΦ(x) with the
eletrostati potential drop Φ(x) with respet to the bulk, whih is reated
by the harge density prole
∑
γ eγργ(x) itself. (The sign of the latter
interation depends on the sign of eα.) The potential drop Φ(x) in (1.10)
is the sum of a lassial ontribution [1℄ and a quantum diration eet,
linear in ~,
Φ(x) = Φcl(εD)(x) + Φqu(κDλ)(x). (1.11)
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Φcl(εD)(x), of order εD/(βe), is written in (5.40) and Φ
qu(κDλ)(x), of order
κDλ/(βe), reads
Φqu(κDλ)(x) = −~Be−κDx with B = π√
2
∑
γ(eγ/
√
mγ)ρ
B
γ√∑
α e
2
αρ
B
α
. (1.12)
Φqu(κDλ)(x) appears only when speies have dierent masses, beause of
the bulk loal neutrality ∑
α
eαρ
B
α = 0. (1.13)
The density prole (1.10) an be rewritten as
ρα(x) =
(
1− e−2x2/λ2α
) [
ρcl(εD)α (x) + ~ρ
B
αβeαBe−κDx
]
+ ρBα o (εD, κDλ) ,
(1.14)
where ρ
cl(εD)
α (x) is the lassial density prole alulated up to relative or-
der εD [1℄ and written in (5.47). We stress that the diret ontribution
(1.2) from the vanishing of wave-funtions in the ranges λα's from the wall
has an essential singularity in ~, whereas the quantum part of the ele-
trostati potential at leading order, Φqu(κDλ)(x), is linear in ~. (We reall
that for systems invariant under translations  whih is not the ase here 
and with suiently smooth potentials  suh as the Coulomb interation
 ~-expansions involve only even powers of ~, as an be seen for instane
in Wigner-Kirkwood expansions.)
The appearane in the eletrostati potential Φ(x) of a ~-term whih de-
ays exponentially fast over the lassial Debye sreening length ξD has the
following physial interpretation. When speies have dierent masses, the
global harge σ< arried by the uid (per unit area) over all distanes x < a
from the wall is essentially reated at leading order by the dierenes in the
Gaussian density proles and is onentrated over a width of order λ. Sine
λ is negligible with respet to the bulk mean interpartile distane a, the
leading-order harge σ
qu(κDλ)
< an be seen as a surfae harge loalized at
x = 0. As shown in Setion 6.4, the surfae harge σ
qu(κDλ)
< , whih appears
even in the zero-oupling limit, reates an eletrostati potential through
the lassially-sreened Coulomb interation (alulated at leading order),
and this potential is equal to the leading ~-term Φqu(κDλ)(x) in the ele-
trostati potential Φ(x) reated by the harge-density prole
∑
α eαρα(x).
Moreover Φqu(κDλ)(x) is involved in the density proles in suh a way that
the leading-order global harge σ
qu(κDλ)
> arried by the uid (per unit area)
over all distanes x > a, and whih is dilute over the sale ξD, ompensates
σ
qu(κDλ)
< (see Setion 6.4). Indeed, sine the wall is made of an insulating
material and arries no external harge, the global surfae harge σ arried
5
by the uid per unit area vanishes at equilibrium [2℄
σ ≡
∫ ∞
0
dx
∑
α
eαρα(x) = 0. (1.15)
σ
qu(κDλ)
< and Φ
qu(κDλ)(x = 0) are estimated in the ase of the intrinsi
semiondutor GaSb. The ase where the wall has not the same dieletri
onstant as the medium where the uid is embedded is ommented in
Setion 7.
1.3 Methods
Before going into details, we summarize the general methods displayed in
Setions 25.
First, a formalism based on path integrals and devised for the study of
bulk properties in Coulomb uids  with Maxwell-Boltzmann statistis [3℄
then quantum statistis [4℄ is generalized to a semi-innite geometry (Se-
tion 2). The system is studied in the grand-anonial ensemble (Setion
2.1). A degeneray of physial quantities with respet to fugaities arises
from the neutrality onstraints enfored by the long-range of Coulomb in-
terations. We investigate the nature of this degeneray, and we show that
we are allowed to split the latter degeneray in order to impose the loal
neutrality in the zero-oupling limit (Setion 2.2). (This trik allows to
simplify weak-oupling expansions performed in Setion 5.) By use of the
Feynman-Ka formula (Setion 2.3), quantum dynamis an be desribed
by a funtional integral over Brownian paths, whih orrespond to quan-
tum position utuations. As in the bulk situation, the quantum system
of point harges is equivalent to a lassial system of loops with random
shapes (Setion 2.4). The only dierene in formulae for the bulk or for
the viinity of the wall is that the path measure is anisotropi and depends
on the distane from the wall in the seond ase.
Then methods originally devised for lassial uids with internal degrees
of freedom an be used (Setion 3). In Setion 3.1 we introdue general-
ized Mayer diagrams for the fugaity expansion of the loop density of eah
speies. Point weights in those diagrams depend both on the internal de-
grees of freedom of loops  harge and shape  and on the distane x from
the wall. Beause of the long range of Coulomb interation, every Mayer
diagram that is not suiently onneted orresponds to a divergent inte-
gral in the thermodynamial limit. These divergenes disappear after exat
systemati resummations analogous to those performed in Ref.[4℄ (Setion
3.2). (Details are provided in Appendix A.) Resummations introdue a
sreened potential φ(r, r′), solution of an inhomogeneous Debye equation[
∆r − κ2(x)
]
φ(r, r′) = −4πδ(r− r′), (1.16)
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where the eetive sreening length 1/κ(x) depends on the distane x to
the wall beause of the vanishing of wave-funtions at the wall surfae (see
(1.2)).
At this point the diulty to be irumvented is the resolution of equa-
tion (1.16) (Setion 4). The equation an be turned into a one-dimensional
dierential equation by onsidering the Fourier transform
φ(x, x′,k) of φ(x, x′,y) in the diretions parallel to the wall surfae (Setion
4.1). Let φ(0)(x, x′,y) be the expression that φ(x, x′,y) would take if the
prole κ(x) were uniform and equal to its bulk value κ in the region x > 0.
A formal series representation of the solution φ(x, x′,k)−φ(0)(x, x′,k) has
been given in Ref. [5℄, where a similar equation arises in the ase of a lassi-
al harge uid in the viinity of a wall with an eletrostati response. This
series provides an expansion of the solution φ(x, x′,k) around φ(0)(x, x′,k)
in powers of the small parameter κλ, where κ is the limit of κ(x) when x
goes to innity, while λ is the length sale over whih κ(x) varies quikly
when x approahes 0. The expansion of φ(x, x′,k)−φ(0)(x, x′,k) in powers
of κλ is uniform in x and x′.
In the low-degeneray and weak-oupling regime to be studied (Setion
5.1), the ondition κλ ≪ 1 is met. The sreened self-energy is purely
lassial at leading order and the quantum orretion appears only at order
ε×κλ, where ε is dened as εD with κ in plae of κD, ε ≡ (1/2)κβe2 (Setion
5.2). A saling analysis performed in the low-degeneray and weak-oupling
limit (Setion 5.3 and Appendix B) shows that only one resummed Mayer
diagram ontributes to density proles at rst order in ε and κλ. The
eletrostati potential drop Φ(x) reated by the harge-density prole is
identied in the formal expression of the ontribution from this diagram
(Setion 5.4). Beause of the loal neutrality ondition in the bulk, only
the lassial zeroth-order term in the κλ-expansion of φ − φ(0) proves to
ontribute to the potential drop Φ(x) at leading orders ε and κλ.
2 General formalism
2.1 Grand-anonial ensemble and statistis
We reall that we onsider a uid made of ns speies (indexed by α), eah
of whih is haraterized by its mass mα, its harge eα, and its spin Sα~.
(In the following, interations involving spins will be negleted and spin
will only determine the nature of quantum statistis.) The Hamiltonian
operator Ĥ{Nα} of a system whih ontains Nα partiles of eah speies α
reads
Ĥ{Nα} =
∑
i
p̂ 2i
2mαi
+
∑
i
V̂SR(xi) +
∑
i<j
eαieαj v̂(ri − rj). (2.1)
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({Nα} is a shorthand notation for {Nα}α=1,...,ns and the partile index i
runs from 1 to N =
∑
αNα.) In (2.1) the rst term whih involves the
momentum operator p̂ is the global kineti energy of the system. The
seond term is a sum of one-body potentials V̂SR(xi) whih desribe the
partile-wall interations. We hoose a simple lassial hard-wall modeliza-
tion, where the atomi struture of the wall is ignored. The eet of the
wall is only to prevent partile wave-funtions from propagating inside the
negative-x region oupied by the wall,
VSR(x) =
{
+∞ if x < 0
0 if x > 0.
(2.2)
The wall repulsion is independent of the partile speies. The sum of pair
interations in the third term involves only Coulomb potential (1.1).
The xed parameters of the system are the volume |Λ| of the region
Λ that the uid oupies, the area |∂WΛ| of the uid-wall interfae, the
temperature, and the densities ρBα's far away from the boundaries of Λ.
We use the grand-anonial ensemble where the parameters are the volume
|Λ|, the area |∂WΛ|, the inverse temperature β, and the hemial poten-
tials {µα(VR)}α=1,...,ns of partiles in a reservoir where the eletrostati
potential takes the uniform value VR. The grand partition funtion reads
Ξ(β, {µα}, |Λ|, |∂WΛ|) =
∑
{Nα}
TrsymΛ,{Nα} e
−β[Ĥ{Nα}−
∑
α µαN̂α], (2.3)
where the trae TrsymΛ,{Nα} is restrited to the quantum states that are prop-
erly symmetrized aording to the Bose-Einstein or Fermi-Dira statistis
obeyed by eah speies. (N̂α is the partile-number operator for speies
α.) As in the lassial ase, the density prole ρα(x) an be determined
by using a funtional derivation of Ξ [µ˜α], where
∑
α µαN̂α is replaed by∫
Λ
drµ˜α(x)ρ̂α(x). The relation is
ρα(x) = lim
|Λ|→+∞
1
β
δ ln Ξ [µ˜α]
δµ˜α(x)
∣∣∣∣
µ˜α(x)=µα
. (2.4)
The formalism and results presented in Setions 2 and 3 an be obtained
with quantum statistis (as detailed in Setion 2.4). However, our aim is
to produe expliit analytial results in the low-degeneray regime (1.4).
We have heked that quantum statistis eets arise only at order (λ/a)3.
In other words [3℄
Ξ = ΞMB +O
((
λ
a
)3)
, (2.5)
where the Maxwell-Boltzmann grand partition funtion ΞMB is a trae over
tensorial produts of one-partile wavefuntions whih are not symmetrized
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aording to speies statistis. If the tensorial produt of N =
∑
αNα one-
partile states in position representation is denoted by |{ri}〉, the grand
partition funtion ΞMB, where only dynamis is quantum, reads
ΞMB(β, {µα}, |Λ|, |∂WΛ|) (2.6)
=
∑
{Nα}
[∏
α
eβµαNα(2Sα + 1)
Nα
Nα!
]∫ [ N∏
i=1
dri
]
〈{ri}|e−βĤ{Nα} |{ri}〉.
where 2Sα+1 is the spin degeneray fator, whih arises beause spin does
not appear in the expression (2.1) of the Hamiltonian. In (2.6) we have
used the ommutativity of the operators Ĥ{Nα} and N̂α's.
2.2 Degeneray with respet to fugaities
In the following we will take advantage of a degeneray of physial quanti-
ties with respet to fugaities that arises from the vanishing of the global
volumi and surfai harges of the system in the thermodynami limit. If
〈· · · 〉 denotes a grand-anonial average, the thermodynami limit of the
harge in the uid is
lim
th
〈
∑
α
eαNα〉 =
(∑
α
eαρ
B
α
)
|Λ|+ σ|∂WΛ|+ o (|∂WΛ|) , (2.7)
where o (|∂WΛ|) denotes a term whih diverges more slowly than the area
|∂WΛ| when the size of the domain Λ beomes innite. The expression
of σ in terms of the thermodynami limits of density proles is given in
(1.15). As a onsequene of the existene of the thermodynamial limit [6℄,
the marosopi volumi harge (
∑
α eαρ
B
α) |Λ| vanishes, and, in the ase of
an insulating hard wall that is not externally harged, the surfai harge
in the uid σ|∂WΛ| is also equal to zero (whether the dieletri onstants
in the wall and in the medium where the uid is embedded are equal or
not). Indeed, in the grand anonial ensemble (2.3), the summation over
mirosopi states involves non-neutral ongurations, but the self-energies
of these globally harged ongurations give them exponentially vanishing
weights in the thermodynami limit, beause they are not ompensated by
interation energies with external harges inside the walls.
Sine the bulk harge neutrality (1.13) is satised for any set of hemial
potentials, the bulk densities ρBα's are determined by only ns − 1 indepen-
dent funtions of the ns hemial potentials µα's. In the present paragraph
we investigate more preisely the nature of the orresponding degeneray.
By denition, the eletrostati energy in the Hamiltonian (2.1) used in
Ξ (2.3) is the dierene between the eletrostati energy of the interating
9
system and the energy VR
∑
α eαNα of the noninterating system in the
reservoir where the eletrostati potential takes the uniform value VR. In
other words, the dependene of hemial potentials with respet to the
potential VR in the reservoir is just
µα(VR) = µα(0) + eαVR. (2.8)
The global volumi and surfai neutralities are linked to the invariane
of the thermodynami limits of observables under a translation of the origin
for the eletrostati potentials. Indeed, if the latter origin is translated by
an amount −∆V , then, the referene potential VR of the reservoir beomes
VR +∆V , the Hamiltonian is unhanged (sine the insulating wall arries
no external harge), and the only hange in Ξ (2.3) is an extra ontribution
∆V
∑
α eαNα arising from
∑
α µα(VR)Nα. Then the thermodynami limit
of ln Ξ is inreased by
∆
(
lim
th
ln Ξ
)
= β∆V lim
th
〈
∑
α
eαNα〉 (2.9)
Aording to (2.7), (1.13), and (1.15), the latter variation vanishes up to
order |∂WΛ| inluded.
Sine a translation −∆V of the origin for the eletrostati potentials is
equivalent to an inrease eα∆V of every µα, the nature of the degeneray
of physial quantities with respet to hemial potentials is that physial
quantities are invariant under the addition of an energy eα∆V to every
hemial potential µα. The orresponding degeneray with respet to fu-
gaities zα's omes from the denition
zα(VR) ≡ (2Sα + 1)
(2πλ2α)
3/2
exp [βµα(VR)] , (2.10)
The dependene of fugaities upon VR is given by (2.8). The system in-
volves harges of both signs, so that the ontinuous funtion f(VR) =∑
α eαzα(VR) varies from −∞ up to +∞ when VR varies from −∞ to +∞.
Therefore there exists a value of VR whih fullls the ondition f(VR) = 0.
As a onsequene, sine physial quantities are invariant under a trans-
lation of VR in the fugaities, we an hoose a set of fugaities whih ensures
that the loal harge neutrality in the bulk is enfored even in the zero-
oupling limit, namely we an arbitrarily split the degeneray with respet
to fugaities by imposing ∑
α
eαzα = 0. (2.11)
We notie that, as shown in Ref.[7℄, in the ase of an insulating wall with an
external harge or in the ase of a onduting wall, whih beomes harged
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by inuene, the global neutrality of the full system (the uid plus the
wall) in the thermodynami limit implies that ondition (2.11) an also
be fullled when Ξ is written with the full Hamiltonian. The neutrality
ondition about fugaities (2.11) will ause major simpliations in the
following alulations.
2.3 Feynman-Ka formula
The non-ommutativity between the kineti and interation operators in
(2.6) an be irumvented by using Feynman-Ka formula [8, 9℄. The quan-
tum Gibbs fator an be rewritten in terms of path integrals,
〈{ri}|e−βĤ{Nα} |{ri}〉 =
[∏
i
1(
2πλ2
αi
)3/2
]∫ [∏
i
Dxi,αi(ξi)
]
× exp
−β∑
i<j
eαieαj
∫ 1
0
ds v
(
ri + λαiξi(s)− rj − λαjξj(s)
) . (2.12)
The kineti part of the Hamiltonian and the partile-wall interation are
taken into aount in the measureDxi,αi(ξi) of the losed Brownian path ξi
with dimensionless absissa s: ξ(s = 0) = ξ(s = 1) = 0. The random path
λαiξi(s) with typial extent λαi desribes the quantum position utua-
tions of partile i at position ri. As disussed in Setion 2.4, the interation
between paths on the r.h.s. of (2.12) is not the usual Coulomb interation
between harged wires, sine it involves only path elements with the same
absissa s.
The repulsion from the wall auses the anisotropy of the Brownian-
path measure. The onstraint about the quantum partile position, whih
is desribed by VSR(x), enfores that the x-omponent ξx of vetor ξ obeys
the inequality
x+ λαξx(s) > 0 (2.13)
for every s between 0 and 1. The Brownian path measure an be fatorized
as
Dx,α(ξ) = Dx,α(ξx)D(ξ‖), (2.14)
where ξ‖ is the projetion of ξ onto the wall. As in the bulk, the Gaussian
measure D(ξ‖) is independent of the position r. Moreover it is rotational-
invariant and normalized to unity∫
D(ξ‖) = 1. (2.15)
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On the ontrary, as realled in Ref. [10℄, the measure Dx,α(ξx) depends on
x, with for instane ∫
Dx,α(ξx) = 1− e−2x
2/λ2α . (2.16)
Moreover, the mean extent of the path in the x-diretion does not vanish∫
Dx,α(ξx) ξx 6= 0. (2.17)
All moments of the measure tend gaussianly fast to their bulk values over
the sale of the de Broglie wavelengths. For instane∫ 1
0
ds
∫
Dx,α(ξx) ξx(s) =
√
π
2
(
x
λα
)2
Erfc
(√
2
x
λα
)
, (2.18)
where Erfc(u) is the omplementary error funtion dened as
Erfc(u) =
2√
π
∫ ∞
u
dt e−t
2
. (2.19)
Erfc(u) deays as exp[−u2]/(u√π) when u goes to +∞.
2.4 Equivalene with a lassial gas of loops
In the present paragraph we reall that the quantum grand partition fun-
tion Ξ for point partiles an be written as a lassial grand partition
funtion Ξloop for randomly shaped loops [4℄. The latter formalism in-
luding quantum statistis allows one to retrieve property (2.5) : quantum
statistis eets appear only at order (λ/a)3 in the low-degeneray regime.
In other words, results at leading order in the low-degeneray regime (1.4)
are the same when the starting partition funtion is written with Maxwell-
Boltzmann statistis. Therefore, for the sake of simpliity, we shall diretly
onsider ΞMB and we shall drop the index MB from now on.
The quantum grand partition funtion (2.6) an be rewritten by use of
the Feynman-Ka formula (2.12) as
Ξ(β, {zα},Λ) = Ξloop ≡
∞∑
N=0
1
N !
∫ [ N∏
n=1
dLn z(Ln)
]
× exp
−β∑
i<j
eαieαjV(Li,Lj)
 . (2.20)
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In (2.20) the notation L ≡ (r, ξ, α) stands for the loop position r, the loop
shape ξ and the loop speies α. When the measure is dened as∫
dL ≡
ns∑
α=1
∫
Λ
dr
∫
Dx,α(ξ), (2.21)
simple ombinatoris allows one to replae the summation over the Nα's
by a single summation over N =
∑
αNα. The loop fugaity depends on
the distane from the wall as
z(L) = zα θ(x), (2.22)
where θ(x) is the unit Heaviside funtion. The interation between loops
arising from the Feynman-Ka formula ouples only line elements with the
same absissa s
V(Li,Lj) ≡
∫ 1
0
ds v
(
ri + λαiξi(s)− rj − λαjξj(s)
)
. (2.23)
Thus it is dierent from the eletrostati potential Velect(Li,Lj) between
uniformly harged wires where any line element of a loop interats with
every line element of the other loop,
Velect(Li,Lj) ≡
∫ 1
0
ds
∫ 1
0
ds′ v
(
ri + λαiξi(s)− rj − λαjξj(s′)
)
. (2.24)
For a system with quantum statistis, Ξloop has the general expression
written in (2.20) where loops L and their fugaities z(L) have more omplex
expressions than in the ase of Maxwell-Boltzmann statistis [4℄. Quantum
statistis is taken into aount thanks to an extra internal degree of free-
dom, the number of partiles exhanged in the same permutation yle.
Equality (2.20) between the grand partition funtion of a quantum gas
of point partiles and the grand partition funtion of a lassial system of
loops with random shapes is the root of an equivalene between both sys-
tems. As derived in Ref.[4℄, the quantum density ρα(x) an be determined
from the loop density ρ(L) dened as a grand-anonial average alulated
with Ξloop. When exhange eets are negleted,
ρ(L) ≡
〈∑
n
δ(rn − r) δ(ξn − ξ) δαn,α
〉
Ξloop
, (2.25)
and the relation between partile and loop densities reads
ρα(x) =
∫
Dx,α(ξ) ρ(L), (2.26)
where ρ(L), with L = (r, ξ, α), does not depend on the projetion y of r
onto the wall plane.
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2.5 Ideal gas
In the ase of an ideal quantum gas, the grand partition funtion (2.20) is
redued to
Ξid = exp
{∑
α
zα
∫
Λ
dr
∫
Dx,α(ξ)
}
+O
((
λα
aα
)3)
, (2.27)
and, by virtue of (2.25), ρid(L) = z(L) given in (2.22). The density proles
of an ideal gas with fugaities zα's are given by (2.4) (or equivalently by
(2.26)), and by using (2.14)(2.16) we retrieve that
ρidα (x) = zα
[
1− e−2x2/λ2α
]
+ zαO
((
λα
aα
)3)
. (2.28)
We stress that, in the viinity of the wall, the quantum harge uid
annot be handled with as a system made of independent harges, beause
it annot simultaneously obey the volumi global neutrality (1.13) and the
surfai global neutrality (1.15). Indeed, the bulk densities in the ideal gas
are equal to the zα's. If the onstraint (2.11) is arbitrarily enfored upon
fugaities, though there is no degeneray with respet to fugaities in the
purely noninterating ase, the bulk densities satisfy the bulk loal neutral-
ity relation (1.13). However, the global surfae harge of the orresponding
ideal gas does not vanish when speies have dierent masses: aording to
(2.11) and (2.28), it is equal to
σid ≡
∫ ∞
0
dx
∑
α
eαρ
id
α (x) = −
1
2
√
π
2
∑
α
eαzαλα. (2.29)
3 Diagrammati representation
The main lines of the following diagrammati expansions are analogous to
the formalisms devised for bulk quantum properties and lassial density
proles in Refs. [4℄ and [5℄, respetively.
3.1 Generalized fugaity-expansions
The equivalene with the lassial loop system allows one to use tehniques
originally introdued for lassial uids. For instane, the Mayer diagram-
matis initially built for point partiles an be generalized to objets with
internal degrees of freedom, suh as the speies α or the loop shape ξ.
A generalized Mayer diagram for the loop density ρ(L) ontains one root
point L whih is not integrated over and N internal points (N = 1, . . .∞)
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whih are integrated over, while eah pair of points is linked by at most
one bond
f(Li,Lj) = e−βeαieαjV(Li,Lj) − 1. (3.1)
We hoose to write the loop-fugaity expansion of the loop density as
ρ(L) = z(L) exp
{∑
G
1
SG
∫ [ N∏
n=1
dLnz(Ln)
] [∏
f
]
G
}
. (3.2)
The summation is performed over all unlabeled, topologially dierent,
onneted diagrams G where the root point L is not an artiulation point.
An artiulation point is dened by the following property: if it is taken
out of the diagram, the latter is split into at least two piees not linked
together by any bond. (In another diagrammati representation [4℄, whih
is analogous to (3.2) but without the exponential, the root point L may be
an artiulation point.) [
∏
f ]
G
is the produt of the f -bonds in diagram G
and SG is the symmetry fator, i.e. the number of permutations of internal
points Ln that do not hange this produt.
ρ(L)=z(L) exp
L ✐ ②
f
z + L ✐ ② ②
ff
z z
+ L ✐✟✟
✟
❍
❍❍
②
②
f
f
f
z
z
+ · · ·

Figure 1: Mayer diagrammati representation of the loop density. A white
point stands for the root loop of the diagram, the oordinates of whih are
not integrated over. Blak points are internal loop-points, the oordinates
of whih are integrated over. The f -bond between two loops is represented
by a line and the weight of a blak point assoiated with a loop Li is the
loop fugaity z(Li).
At large distanes with respet to de Broglie thermal wavelengths, the
loop potential V(L,L′) behaves as the Coulomb potential between the total
harges of loops, as if they were onentrated at positions r and r′. Beause
of the latter 1/|r − r′| interations, the integrals assoiated with generi
diagrams G in (3.2) diverge in the thermodynamial limit.
3.2 Systemati resummations of large-distane
Coulomb divergenes
The large-distane divergenes arising from the long-range of Coulomb po-
tential an be dealt with by introduing auxiliary bonds and by system-
atially resumming sublasses of auxiliary diagrams G˜. The method is a
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generalization of the proedure introdued by Meeron for bulk quantities
in a lassial Coulomb uid [11℄. The systemati resummation proedure is
displayed in Appendix A where similarities and dierenes with the proess
used in Ref.[4℄ are stressed.
As in Ref.[4℄, the deomposition into auxiliary bonds relies on the mul-
tipolar deomposition of the loop interation. This deomposition allows
one to exhibit lassial sreening through the appearane of a sreened
potential φ arising from the resummation proess. It reads
V(Li,Lj) = Vcc(ri−rj)+Vcm(ri,Lj)+Vmc(Li, rj)+Vmm(Li,Lj). (3.3)
where Vcc(ri − rj) = v(ri − rj) is the harge-harge  i.e. monopole-
monopole  interation between the total loop harges, and the harge-
multipole interation Vcm is equal to
Vcm(ri,Lj) ≡
∫ 1
0
ds
[
v
(
ri − rj − λαjξj(s)
)− v (ri − rj)], (3.4)
with a symmetri denition for Vmc. The multipole-multipole interation
Vmm is
Vmm(Li,Lj) = V(Li,Lj)− v(ri − rj)− Vcm(ri,Lj)− Vmc(Li, rj)
=
∫ 1
0
ds
[
v
(
ri + λiξi(s)− rj − λjξj(s)
)− v (ri + λiξi(s)− rj)
− v (ri − rj − λjξj(s))+ v (ri − rj)] . (3.5)
Vcm does oinide with the harge-multipole Coulomb interation between
a point harge and a harged wire, whereas Vmm is not equal to the
multipole-multipole Coulomb interation between two harged wires, be-
ause it ouples only line elements of L and L′ with the same absissa. The
resummation proedure introdues a sreened potential φ arising from the
sum of all hains built with the auxiliary bond
f c c(L,L′) = −βeαeα′v(r − r′) (see Fig.2). It reads
− βeαeα′ φ(r, r′) = f c c(L,L′)
+
∞∑
N=1
∫ [ N∏
n=1
dLn z(Ln)
]
f c c(L,L1) f c c(L1,L2) . . . f c c(LN ,L′). (3.6)
The properties of φ are studied hereafter.
When resummed bonds are dened, assoiated resummed weights and
exluded-omposition rules ensure a one-to-one orrespondene between
eah lass in the partition of auxiliary diagrams G˜ and eah resummed
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− βeαeα′ φ(r, r′) = L ✐ ✐
F c c
L′
= L ✐ ✐
f c c
L′ + L ✐ ② ✐
f c cf c c
z
L′ + L ✐ ② ② ✐
f c c f c c f c c
z z
L′ + . . .
Figure 2: Sreened potential φ.
diagram P⋆. Contrary to what is done in Ref.[4℄, we hoose to onsider
nine resummed bonds dened hereafter. The reason is that the hoie of
these nine bonds is assoiated with renormalized weights whih are more
onvenient for dealing with the ase of a wall with an eletrostati response
(see Setion 7) than the renormalized weights whih appear when only the
ve resummed bonds of Ref.[4℄ are retained.
The nine resummed bonds are
F c c(L,L′) = −βeαeα′ φ(r, r′), (3.7a)
Fmc(L,L′) = −βeαeα′
∫ 1
0
ds
[
φ(r + λαξ(s), r
′)− φ(r, r′)
]
(3.7b)
(see Fig.3) with a symmetri denition for F cm, (1/2) [F c c]
2
(see Fig.4),
(1/2) [F cm]2, (1/2) [Fmc]2, F c c.F cm, F c c.Fmc, and
FRT(L,L′) =
{
eF
c c+F cm+Fm c+Fm m − 1− F c c − F cm − Fmc
−1
2
[F c c]
2 − 1
2
[F cm]
2 − 1
2
[Fmc]
2 − F c c.F cm − F c c.Fmc
}
(L,L′).
(3.7)
As shown in Ref.[4℄,
Fmm(L,L′) = −βeαeα′ φmm(L,L′) +W (L,L′), (3.8)
where φmm is dened as Vmm (3.5) with φ(r, r′) in plae of v(r − r′), and
W is a purely quantum ontribution,
W (L,L′) = −βeαeα′ [V(L,L′)− Velect(L,L′)] (3.9)
= −βeαeα′
∫ 1
0
ds
∫ 1
0
ds′ [δ(s− s′)− 1]
+∞∑
q=1
+∞∑
q′=1
1
q!
1
q′!
× [λαξ(s).∇r]q
[
λα′ξ
′(s′).∇r′
]q′
v(r− r′).
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We notie that the argument of the exponential in (3.7) an be written
F c c + F cm + Fmc + Fmm = Felect + W , where
Felect = −βeαeα′
∫ 1
0 ds
∫ 1
0 ds
′ φ(r+ λαξ(s), r
′ + λα′ξ
′(s′)).
L ✐✛ ✐
Fmc
L′ = L ✐✛ ✐
fmc
L′ + L ✐✛ ② ✐
f c cfmc
z
L′
+ L ✐✛ ② ② ✐
fmc f c c f c c
z z
L′ + . . .
Figure 3: Resummed bond Fmc.
L ✐ ✐
1
2 [F
c c]2
L′ = L ✐ ✐
1
2 [f
c c]2
L′ + L ✐ ✐✟✟ ❍❍
②f
c c f c c
f c c
z
L′ + L ✐ ✐✟✟ ❍❍❍❍ ✟✟
②
②
f c c f c c
f c c f c c
z
z
L′
+ L ✐
② ②
✐
f c c f c c
f c c
f c cz z
L′ + . . .
Figure 4: Resummed bond
1
2 [F
c c]2. (The symmetry fators are not written
in the gure.)
Eventually, the Mayer fugaity-expansion (3.2) of the loop density an
be rewritten as
ρ(L) = zsc(L) exp
∑
P⋆
1
SP⋆
∫  N∏
j=1
dLj w(Lj)
 [∏F]
P⋆
 . (3.10)
The eetive sreened fugaity arising from the resummation of Coulomb
ring diagrams (dened in Appendix A and Fig.5) is equal to
zsc(L) = z(L) e−βe2αVsccloud(L), (3.11)
where z(L) = θ(x)zα and
Vsccloud(L) =
1
2
∫ 1
0
ds
∫ 1
0
ds′ [φ− v] (r+ λαξ(s), r+ λαξ(s′)) . (3.12)
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The P⋆ diagrams are dened as the G diagrams in (3.2) apart from the
following two dierenes. First the f -bond is replaed by the nine F -bonds.
Seond, P⋆ diagrams obey an exluded-omposition rule assoiated with
the fat that all points have not the same weight w(L) (in order to avoid
double-ounting),
w(L) =

zsc(L)− z(L) if L is involved only in a
produt F a c(Li,L)F c b(L,Lj)
zsc(L) otherwise.
(3.13)
In (3.13) supersripts a and b stand either for c or m, and the points Li
and Lj may oinide.
rI =
+
+
+ +
+
+
+
+ ...+
f
ccf
f
f
f
f
f
f
f
f
f f
f
f
f
f
f
ccf
f cc
f
cc
cc
cc
mc
mc
mc mc
mc
ccf
cc
cc
cc
cc
cc
cc
cc
cc
f cc
1
2
[f   ]cc
1
2
[f   ]mc
2
2
f mc
mc
Figure 5: The sum of ring diagrams attahed to a white point, Ir =
−βe2αVsccloud.
The viinity of the wall replaes the bulk exponential sreening by an
integrable algebrai sreening in the diretions parallel to the wall (see next
setion), and all diagrams with resummed bonds are nite in the thermo-
dynamial limit, when integrations are performed rst over loop shapes
and then over loop positions. The reasons are the following ones. First,
in F c c (3.7a) the resummed harge-harge interation between the total
loop harges is proportional to the sreened potential φ(r, r′) whih obeys
an inhomogeneous Debye equation where the sreening length depends on
the distane from the wall, as disussed in next setion. The translational
invariane along the wall ensures that φ(r, r′) = φ(x, x′,y) where y is the
projetion of r− r′ onto the wall. As shown in an analogous lassial situ-
ation [12℄, where the inhomogeneity in the zero-oupling limit arises from
the eletrostati response of the wall, when |y| goes to innity while the
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values of x and x′ are kept xed φ(r, r′) deays as
φ(r, r′) ∼
|y|→+∞
f(x, x′)
|y|3 . (3.14)
Far away from the wall the x-dependent sreening length tends to a non-
zero value, so that f(x, x′) deays exponentially fast to zero at large x or x′.
Therefore the leading tail of F c c has the struture
gcc(x, x′)/|y|3 and F c c is integrable. In Fmc (3.7b) the resummed
multipole-harge interation is also integrable. Indeed, sine the Brown-
ian path measure Dx,α(ξ) ensures that all moments of ξ are nite, and the
leading tail in Fmc, whih is not aneled by the integration over the loop
shape ξ, behaves as
∫ 1
0
ds
+∞∑
q=1
1
q!
[λαξx(s)]
q ∂
qgcc(x, x′)
∂xq
× 1|y|3 . (3.15)
∂qgcc(x, x′)/∂xq is an exponentially vanishing funtion of x and x′ far away
from the wall, while
∫ 1
0 dsDx,α(ξ) [ξx(s)]
q
is a gaussianly vanishing funtion
of x over the sale λα. As a onsequene, the bond F
cm
is also integrable
in x and x′ over the sales λα and λα′ , respetively. By virtue of (3.7) the
tail of FRT(L,L′) at large distanes is given by the tail of the resummed
multipole-multipole interation in Fmm (3.8) and an be deomposed into
a diration term arising from φmm and a purely quantum ontribution
desribed by W dened in (3.9). The orresponding leading tails are
∫ 1
0
ds
∫ 1
0
ds′
+∞∑
q=1
+∞∑
q′=1
1
q!
1
q′!
[λαξx(s)]
q
[λα′ξ
′
x′(s
′)]
q′ ∂q+q
′
gcc(x, x′)
∂xq∂x′q′
× 1|y|3
(3.16)
and
−βeαeα′
∫ 1
0
ds
∫ 1
0
ds′ [δ(s− s′)− 1]λαξx(s)λα′ξ′x′(s′)
∂2v(r − r′)
∂x∂x′
(3.17)
The tail (3.16) is integrable for the same reason as the tail (3.15) of Fmc.
When |y| goes to innity while the values of x and x′ are kept xed, the
funtion (3.17) deays as |y|3 times a funtion whih, after integration
over the Brownian measures Dx,α(ξ) and Dx′,γ(ξ′), depends on x and x′
and onverges gaussianly fast to zero over the sale λα and λα′ respetively.
Eventually, thanks to resummations, every diagram in (3.10) is well dened
in the thermodynamial limit, and we will onsider this limit from now on.
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4 Sreened potential
4.1 Debye equation for an inhomogeneous uid
The sreened potential φ whih is dened as the sum of hains (3.6) is the
solution of the integral equation
φ(r, r′) = v(r, r′)− 1
4π
∫
dr′′ κ2(x′′) v(r, r′′)φ(r′′, r′). (4.1)
In (4.1) the positive funtion κ2(x) reads
κ2(x) ≡ 4πβ
∑
α
e2α
∫
Dx,α(ξ) z(L)
= θ(x) 4πβ
∑
α
e2αzα
[
1− e−2x2/λ2α
]
, (4.2)
where the seond equality arises from (2.14)(2.16). Far away from the
wall κ2(x) tends towards its bulk value
κ2 ≡ 4πβ
∑
α
e2αzα. (4.3)
By using Poisson equation satised by Coulomb potential v,
∆rv(r, r
′) = −4πδ(r− r′), (4.4)
the integral equation (4.1) is shown to be equivalent to a set of partial
derivative equations, the expliit expressions of whih depend on the signs
of x and x′. For x′ > 0, φ(r, r′) is a solution of
∆rφ(r, r
′)− κ2(x)φ(r, r′) = −4πδ(r− r′) for x > 0 (4.5a)
and
∆rφ(r, r
′) = 0 for x < 0. (4.5b)
Moreover, the diagrammati denition (3.6) of φ implies that φ obeys the
same boundary onditions as the eletrostati potential v(r, r′),
φ(r, r′) and
∂φ(r, r′)
∂x
∣∣∣∣
x 6=x′
are ontinuous at x = 0 (4.6a)
lim
|r|→∞
φ(r, r′) = 0. (4.6b)
The invariane of the system in diretions parallel to the interfae im-
plies that the Fourier transform of φ along these diretions obeys a one-
dimensional dierential equation with respet to x. We introdue the di-
mensionless oordinates x˜ ≡ κx, y˜ ≡ κy and r˜ ≡ κr and the dimensionless
21
sreened potential φ˜ dened by
φ˜(x˜, x˜′, y˜) =
1
κ
φ(x, x′,y). (4.7)
The dimensionless Fourier transform of φ˜ along diretions parallel to the
wall reads
φ˜(x˜, x˜′,q) =
∫
dy˜ e−iq·y˜φ˜(x˜, x˜′, y˜). (4.8)
For x˜′ > 0 it is a solution of the dierential equations{
∂2
∂x˜2
− (1 + q2)− U(x˜)} φ˜(x˜, x˜′,q) = −4πδ(x˜− x˜′) for x˜ > 0 (4.9a)
and {
∂2
∂x˜2
− q2
}
φ˜(x˜, x˜′,q) = 0 for x˜ < 0, (4.9b)
with the potential funtion
U(x˜) ≡ −
∑
α e
2
αzαe
−2x˜2/(κλα)
2∑
γ e
2
γzγ
. (4.10)
4.2 Series representation of the exat sreened poten-
tial
It is well known (see e.g. Ref. [13℄) that the solution of the one-dimensional
dierential equation (4.9a) an be formally written in terms of the solutions
h of the assoiated homogeneous equation (where the Dira distribution
on the r.h.s. is replaed by zero and) whih is valid for −∞ < x˜ < +∞,{
∂2
∂x˜2
− (1 + q2)− U(x˜)} h(x˜;q2) = 0. (4.11)
More preisely, a solution φ˜ of (4.9a) an be deomposed into the following
sum: a linear ombination of two independent solutions h+ and h− plus a
partiular solution φ˜sing whih is singular when x = x
′
and is alulated in
terms of h+ and h− by the so-alled Wronskian method. In the following,
h+ (h−) is hosen to be a solution whih vanishes (diverges) when x˜ tends
to +∞. Then φ˜sing reads
φ˜sing(x˜, x˜
′,q2) = − 4π
W (q2)
h−
(
inf(x˜, x˜′);q2
)
h+
(
sup(x˜, x˜′);q2
)
, (4.12)
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where the Wronskian W (q2) ≡ h−(dh+/dx˜)− h+(dh−/dx˜) is independent
of x˜. Sine the dierential operator in (4.9a) is self-adjoint, the real poten-
tial φ˜ has the symmetry φ˜(x˜, x˜′,q) = φ˜(x˜′, x˜,q) when x˜ > 0 and x˜′ > 0.
Then the boundary ondition (4.6b) obeyed by φ˜ enfores that
φ˜(x˜, x˜′,q) = φ˜sing(x˜, x˜
′,q2) + Z(|q|)h+(x˜;q2)h+(x˜′;q2), (4.13)
where Z(|q|) is determined by the ontinuity relations (4.6a).
The partiular solution h+ (h−) of the homogeneous equation (4.11)
an be written as the solution exp[−x˜
√
1 + q2] (exp[x˜
√
1 + q2]) of (4.11)
when U = 0, times 1 +H+ (1 +H−) where the funtion H+ (H−), whih
desribes boundary eets, is hosen to vanish at x˜ = 0,
h±(x˜;q2) = e∓x˜
√
1+q2 [1 +H±(x˜,q2)]. (4.14)
Then
φ˜sing(x˜, x˜
′,q2) = − 4π
W (q2)
e−|x˜−x˜
′|
√
1+q2
× [1 +H−(inf(x˜, x˜′);q2)][1 +H+(sup(x˜, x˜′);q2)]. (4.15)
The Wronskian W (q2) proves to take the simple form
W (q2) = −2
√
1 + q2 +
∂H+(x˜;q2)
∂x˜
∣∣∣∣
x˜=0
. (4.16)
Indeed, H+(x˜;q2) and H−(x˜;q2) vanish at x˜ = 0, and so does ∂H−/∂x˜,
as an be heked on the formal solution given in next paragraph.
As shown in Ref.[5℄, H+ an be written as the formal alternative series
H+(x˜;q2) = −T +[1](x˜;q2) + T + [T +[1]] (x˜;q2)− · · · (4.17)
where the operator T + ating on a funtion f reads
T +[f ](x˜;q2) ≡
∫ x˜
0
dv e2v
√
1+q2
∫ +∞
v
dt e−2t
√
1+q2 U(t)f(t). (4.18)
The solution H− an be similarly written in terms of another formal series
H−(x˜;q2) = T −[1](x˜;q2) + T − [T −[1]] (x˜;q2) + · · · (4.19)
with
T −[f ](x˜;q2) ≡
∫ x˜
0
dv e−2v
√
1+q2
∫ v
0
dt e2t
√
1+q2 U(t)f(t). (4.20)
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By ombining (4.13)(4.20), we get a representation of the sreened poten-
tial φ˜ in terms of formal series.
These series are bounded by geometri series of κλ (with λ = supα{λα}),
beause the Gaussian funtion U is integrable for all x's. More preisely, a
straightforward alulation shows that
T +[1](x˜) = −
√
π
4
√
2
√
1 + q2
∑
α e
2
αzαλ˜α∑
γ e
2
γzγ
{
Erf
(√
2 x˜
λ˜α
)
+ e
(
λ˜α
√
1+q2
)2
/2
[
e2x˜
√
1+q2 Erfc
(√
2 x˜
λ˜α
+
λ˜α
√
1 + q2√
2
)
−Erfc
(
λ˜α
√
1 + q2√
2
)]}
, (4.21)
where λ˜α = κλα, and this expression obeys the inequality∣∣T +[1](x˜)∣∣ < κλ. (4.22)
4.3 κλ-expansion of the sreened potential
In Setion 5 we will restrit our expliit alulations to a low-degeneray
and weak-oupling regime (see (1.4) and (1.7)). In this regime κλ is also
negligible with respet to 1 : the de Broglie thermal wavelengths λα's are
small ompared with the typial sreening length κ−1.
Let φ˜(0) be the solution of equation (4.9a) when the prole κ2(x) is
replaed by its bulk limit κ2. The above formal series for H+ and H−
provide a systemati expansion of φ˜ − φ˜(0) in terms of the ratios of the
length sales λα's, over whih κ
2(x) varies, and the length sale κ−1, whih
is the limit of κ−1(x) when x goes to innity. The expansions of H+ and
H− are absolutely and uniformly onvergent with respet to the variable x
for values of κλ smaller than some nite value, beause they are bounded
by geometri series. As a result,
φ˜(x˜, x˜′, y˜) = φ˜(0)(x˜, x˜′, y˜) +O(κλ), (4.23)
where the leading-order term φ˜(0) is equal to κ−1φ(0)(r, r′) (see (4.7)). By
denition, φ(0)(r, r′) is the solution of
∆rφ
(0)(r, r′)− θ(x)κ2 φ(0)(r, r′) = −4πδ(r− r′), (4.24)
with the same boundary onditions as φ(r, r′). Aording to (4.13), we get
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φ˜(0)(x˜, x˜′,q) =
2π√
1 + q2
{
e−|x˜−x˜
′|
√
1+q2 +
√
1 + q2 − q√
1 + q2 + q
e−(x˜+x˜
′)
√
1+q2
}
.
(4.25)
Moreover, by denition of the sreened potential, the orretion O(κλ)
in (4.23) is independent of the root-point speies α and α′. As shown in
Setion 5.3, the latter property implies that the ontribution to density
proles from this O(κλ)-orretion in φ˜ is aneled at rst order in κλ by
the neutrality onstraint (2.11) on fugaities. It is the reason why we do
not write the expliit expression of the term O(κλ) in (4.23).
5 Weak-oupling expansions
5.1 Subregime for parameters ε and (λ/a)3
In the weak-oupling and low-degeneray regime (1.7) and (1.4), only a
nite number of resummed Mayer diagrams in the representation (3.10) of
the loop-density ρ(L) ontribute at lowest orders in the lassial oupling
parameter ε ≡ (1/2)κβe2. Moreover diagram ontributions may be also
expanded in powers of κλ.
Indeed, κλ is a funtion of the two independent parameters (λ/a)3 and
ε: by virtue of (1.6),
κλ ∝ λ
a
ε1/3, (5.1)
and κλ ≪ 1 in the onsidered regime (1.7) and (1.4). Then the sreened
potential φ, whih is involved both in sreened fugaities and in resummed
bonds, an be expanded in powers of κλ, as well as the funtions resulting
from integrations over Brownian paths. As shown by the saling analysis
performed in next Setions 5.2 and 5.3, the diagrammati representation
of the partile density derived from (2.26) and (3.10) provides a systemati
expansion of ρα(x) in powers of parameters ε and κλ, where exhange
eets are negleted.
More preisely, we will show that, beause of quantum dynamis, the
rst oupling orretions to the ideal-gas partile density is a sum of two
terms of order ε and κλ respetively, and the next ontributions are of
order
ε2, ε2| ln(κλ)|, ε . κλ, (κλ)2,
(
λ
a
)3
QW
(
−βe
2
λ
)
, (5.2)
with (
λ
a
)3
∝ (κλ)
3
ε
and
βe2
λ
∝ ε
κλ
(5.3)
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QW (t) is expeted to vanish at t = 0 by analogy with the bulk funtion Q
dened in Ref.[14℄. On the other hand, exhange orretions, whih have
been negleted from the start, are of order(
λ
a
)3
EW
(
−βe
2
λ
)
(5.4)
where EW (t) is expeted to vanish as t goes to zero, for the same reason as
QW (t).
As a onsequene, we shall be allowed to retain only the orretions
linear in ε and κλ in ρα(x), if these terms are larger than the exhange
orretions of order (5.4) and the oupling orretions of order (5.3). We
onsider the subregime where
ε2 ≤
(
λ
a
)3
≪ ε, (5.5)
In (5.5) ε2 ≤ (λ/a)3 means that the ratio of ε2 and (λ/a)3 is either kept
xed or tends to zero when both ε and λ/a vanish. In other words, βe2/λ
is kept xed  i.e. the temperature remains xed  or vanishes  i.e. the
temperature goes to innity. In this subregime the ondition(
λ
a
)3
F
(
−βe
2
λ
)
≪ ε, (5.6)
with F = QW or EW , is met, as well as the ondition(
λ
a
)3
F
(−βe2/λ)≪ κλ. (5.7)
Similarly, inequalities ε2 ≪ κλ, ε2| ln(κλ)| ≪ ε, ε2| ln(κλ)| ≪ κλ, and
(κλ)2 ≪ ε, are also satised. Eventually, in the subregime (5.5), whih
an be rewritten as ε3 ≤ (κλ)3 ≪ ε2 by virtue of (5.1), we may retain
only ontributions of order ε and κλ, and the negleted terms are of order
O (η2), where η2 is a generi notation for the terms in (5.2) and (5.4),
O (η2) ≡ O((5.2), (5.4)). (5.8)
5.2 Sreened loop fugaity
In this setion we alulate the κλ-expansion of the sreened fugaities
(3.11). As shown in Ref. [1℄, the free energy e2αVsccloud is assoiated with the
geometri repulsion from the wall due to the deformation of the sreening
loud surrounding every harge near a boundary. Aording to (3.12) and
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the fat that (φ − v) and its derivative are ontinuous (beause φ and v
have the same singularity when r = r′),
Vsccloud(L) = V sccloud(r) +
1
κ
O(κλ). (5.9)
(5.9) is the Taylor expansion of Vsccloud around its lassial value
V sccloud(r) ≡
1
2
[φ− v] (r, r). (5.10)
(We stress that V sccloud(r) has no singularity in the range 0 ≤ x so that no
lassial spurious singularity is introdued by the expansion (5.9).) The
κλ-expansion (4.23) of the sreened potential φ˜ leads to
V sccloud(r) = V
sc(0)
cloud(r) +
1
κ
O(κλ), (5.11)
where at rst order
−βe2αV sc(0)cloud(r) = −
βe2α
2
[
φ(0) − v
]
(r, r) = εα
[
1− L(κx)] . (5.12)
In (5.12) we have used the denition
εα ≡ 1
2
κβe2α. (5.13)
By virtue of (4.25),
L(u) ≡
∫ ∞
1
dt
e−2tu(
t+
√
t2 − 1)2
= e−2u
[
1
2u
+
1
u2
+
1
2u3
]
− 1
u
K2(2u), (5.14)
where K2(2u) is a Bessel funtion, whih deays proportionally to
exp(−2u)/√u at large u. L(u) is a ontinuous positive dereasing fun-
tion for u ≥ 0. Therefore L(u) is bounded by L(0) = 1/3 and, sine εα is
small, we an expand the exponential funtion in the denition (3.11) of
sreened loop fugaities. We get
zsc(L) = θ(x) zα
{
1 + εα
[
1− L(κx)] +O(ε . κλ)} . (5.15)
Sine L(u) vanishes exponentially fast when u goes to innity, zsc(L) tends
to zα {1 + εα} far away from the wall.
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5.3 Diagram ontributions at leading orders
5.3.1 Bond F c c
The integral assoiated with the diagram with one F c c-bond reads∫
dL′zsc(L′)F c c(L,L′) = −βeα
∑
γ
eγ
∫
dr′φ(r, r′) zscγ (x
′), (5.16)
where the sreened fugaity zscα (x) is dened as
zscα (x) ≡
∫
Dx,α(ξ) zsc(L). (5.17)
By using the value (5.15) of the sreened loop fugaity and the integral
(2.16) of the path measure, we get
zscα (x) = zα
[
1− e−2x2/λ2α
]{
1 + εα
[
1− L(κx)]}+ zαO(ε.κλ). (5.18)
By virtue of (4.23), the leading-order terms in (5.16) arise from the stru-
ture
−βeα
∑
γ
eγzγ
∫
x′>0
dr′
[
φ(0)(r, r′) +O(κλ)
] [
1− e−2x′2/λ2γ
] [
1 +Oγ(ε)
]
,
(5.19)
where Oγ(ε) is a term of order ε whih depends on the speies γ. (Oγ(ε)
is the sreened self-energy term in zscγ (x).)
The a priori leading-order term in (5.19) is obtained by retaining only
the two onstants 1 in brakets and φ(0)(r, r′). This term is independent
of the de Broglie wavelengths, beause φ(0)(r, r′) is purely lassial and
involves only the length sale 1/κD. By virtue of (4.25),∫
x′>0
dr′ φ(0)(r, r′) =
2π
κ2
∫ +∞
0
dx˜′
{
e−|x˜−x˜
′| + e−(x˜+x˜
′)
}
. (5.20)
As a onsequene, the leading term in (5.19) is both O(ε0) and O ((κλ)0),
namely, before summation over γ,∫
dr′
∫
Dx′,γ(ξ′) zsc(L′)F c c(L,L′) = O(1). (5.21)
However, after summation over speies, the O(1) ontribution in (5.16),
where the quantity
∑
γ eγzγ is fatorized, is exatly equal to zero beause
of the neutrality ondition (2.11) imposed on fugaities. Moreover, with-
out ondition (2.11), we would have to onsider an innite number of
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diagrams at leading order, beause the addition of a star subdiagram∏n
i=2
[∫
dLizsc(Li)F c c(L′,Li)
]
, with an arbitrary number n, to the di-
agram
∫
dL′zsc(L′)F c c(L,L′) would also yield a ontribution of leading
order O(1). Nevertheless, we notie that, after summation over all dia-
grams, the nal expansion of the density must be independent of whether
the ondition on fugaities is fullled or not, beause of the degeneray
among fugaities disussed in Setion 2.2.
In fat, the diagram with one bond F c c ontributes at orders ε and κλ,∫
dL′zsc(L′)F c c(L,L′) = O(ε, κλ) (5.22)
The ontribution of order O(ε) omes from φ(0)(r, r′) × Oγ(ε) in (5.19),
and it has been alulated in Ref. [5℄. The ontribution of order κλ arising
from the produt of onstants 1 in (5.19) times the term of order κλ in the
expansion of φ(r, r′) is aneled by the neutrality ondition (2.11). (This
is also true for the whole κλ-expansion of φ(r, r′), beause all terms whih
depend on a speies γ only through the produt eγzγ are aneled when the
summation over γ is performed.) Therefore, the ontribution of order κλ
arises only from φ(0)(r, r′) exp[−2x′2/λ2γ ] in (5.19). The fator κλ is yielded
by the x′-integration of the Gaussian term whih arises from the integrated
quantum measure (2.16). Indeed, for any bounded and integrable funtion
f whih deays less quikly than exp[−2x2/λ2α] at large x∫ +∞
0
κdx e−2x
2/λ2αf(κx) ∼
κλα→0
κλα × f(0)
∫ +∞
0
dt e−2t
2
(5.23)
= O (κλα)×O
(∫ +∞
0
du f(u)
)
.
(The Gaussian fator in the integral on the l.h.s. of (5.23) makes this
integral onvergent over the sale λγ , and not κ
−1
as it would be the ase if
this fator were not here.) As shown in Appendix B, the same mehanism
also operates for the x′-integration of odd moments of a Brownian path
ξ′ (involved in diagrams with F cm-bonds), beause these moments deay
gaussianly fast to zero at large x′ over the sales λα's (see for instane
(2.18)), ontrary to even moments whih tend to their non-zero bulk values
away from the wall.
5.3.2 Other resummed bonds
As shown in Appendix B, by ombining previous arguments, Taylor ex-
pansions around lassial expressions and onstrution rule (3.13) about
fugaities, where zsc(L′)− z(L′) = zαO(ε), a simple saling analysis shows
that diagrams with one bond, F cm, Fmc, [F c c]2/2, F c cF cm, [F cm]2/2,
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F c cFmc, or [Fmc]2/2 are of orders equal to either (κλ)2, ε ·κλ, ε2, ε(κλ)2,
ε2 · κλ, or ε2 · (κλ)2. The order of the ontribution from the bond FRT is
determined by analogy with its order in the bulk ase.
5.3.3 Global results
As a result, the omplete saling analysis shows that, at rst order in
ε and κλ, the loop density omes from (3.10) where only one diagram,
namely the diagram with a single F c c-bond, is retained in the argument of
the exponential. Moreover, the expression of this rst-order ontribution
involves only the lowest-order term φ(0)(r, r′) in the κλ-expansion (4.23) of
the sreened potential. The loop density reads
ρ(L) = zsc(L)
× exp
{
−βeα
∑
γ
eγ
∫
dr′φ(0)(r, r′)
(∫
Dx′,γ(ξ′) zsc(L′)
)
+O ((5.2))
}
. (5.24)
ρ(L) = zsc(L) exp
L ✐ ②
F c c
zsc(L′) +O(η2)

Figure 6: Diagrammati expression of the loop density at rst order in ε
and κλ.
Sine the argument of the exponential in (5.24) proves to be a bounded
funtion of order ε and κλ, the loop density is given at rst order in ε and κλ
by linearizing the exponential in (5.24). Aording to (2.26), the partile
density prole is obtained by performing the path integration
∫ Dx,γ(ξ)
with the result
ρα(x) = z
sc
α (x)
{
1− βeα
∑
γ
eγ
∫
dr′ zscγ (x
′)φ(0)(r, r′) +O(η2)
}
, (5.25)
where zscα (x) is given in (5.18) and η
2
is dened in (5.8).
5.4 Eletrostati potential
In this setion we show how the integral involved in the expression (5.25) is
related to the potential Φ(x), whih is dened as the dierene between the
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eletrostati potential reated by the uid and the eletrostati potential
VR in the partile reservoir (loated in the bulk). This potential obeys
Poisson equation
d2Φ
dx2
(x) = −4π
∑
α
eαρα(x) (5.26)
with the boundary onditions : Φ and dΦ/dx tend to 0 when x goes to +∞.
The ondition about the derivative of Φ arises from the absene of any
net eletrostati eld in the bulk for a Coulomb uid at equilibrium. The
ondition about Φ xes the eletrostati potential referene. The denition
of Φ(x) leads to the integral representation
Φ(x) = −4π
∫ +∞
x
dx′(x′ − x)
∑
α
eαρα(x
′). (5.27)
As in the lassial ase [5℄, the struture (5.25) of density proles an
be rewritten in the form
ρα(x) = z
sc
α (x)
[
1− βeαG(x)
]
(5.28)
with
G(x) ≡
∑
γ
eγ
∫
dr′ zscγ (x
′)φ(0)(r, r′). (5.29)
As heked in Setion 5.5, at leading order G(x) is a funtion of κx. There-
fore, aording to (5.18) and (5.23), the ontribution from
−β∑α e2α [zscα (x) − zα]G(x) to the integral in (5.27) is a orretion of rel-
ative orders O(κλ) and O(ε) with respet to the leading ontribution from
∑
α
eαz
sc
α (x)− β
(∑
α
e2αzα
)
G(x). (5.30)
Therefore, the argument of Setion 5.4 in Ref. [5℄ holds. It reads as fol-
lows. Aording to its denition and the partial derivative equation (4.24)
satised by φ(0), G(x) obeys the dierential equation
d2G(x)
dx2
= −4π
∑
α
eαz
sc
α (x) + κ
2G(x). (5.31)
Sine dG(x)/dx is nite and deays to zero when x goes to innity, ombi-
nation of (5.27), (5.30), and (5.31) implies that the eletrostati potential
is merely
Φ(x) =
[
G(x) − lim
x→+∞
G(x)
]
+
1
βe
O(ε, κλ), (5.32)
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where O(ε, κλ) denotes a sum of terms of order ε and κλ respetively.
Eventually, by virtue of (5.18) and (5.32), the density prole (5.28) an
be rewritten in terms of the bulk density and the eletrostati potential
drop Φ(x) reated by the uid as
ρα(x) = ρ
B
α
[
1− e−2x2/λ2α
]{
1− εαL(κx) − βeαΦ(x)
}
+ ρBαO(η2), (5.33)
where the bulk density is given by
ρBα ≡ limx→+∞ ρα(x) = zα
{
1 + εα − βeα lim
x→+∞
G(x) +O(η2)
}
. (5.34)
Sine the bulk density ρBα oinides with zα at leading order, κD dened in
(1.5) is also equal to κ at leading order
κD = κ
[
1 +O(ε)
]
and εD = ε
[
1 +O(ε)
]
. (5.35)
This will enable us to onsider the Debye sreening length as the refer-
ene length sale for lassial eets when writing the nal results in next
setion.
5.5 Deomposition into lassial and quantum ontri-
butions
In the density prole (5.33), the term involving L is purely lassial, whereas
the eletrostati potential an be split into a lassial ontribution Φcl(ε) of
order O (ε/(βe)) and a quantum ontribution Φqu(κλ) of order O (κλ/(βe)),
Φ(x) = Φqu(κλ)(x) + Φcl(ε)(x) +
1
βe
O (η2) . (5.36)
Aording to (5.32), Φcl(ε)(x) = Gcl (ε)(x) − limx→+∞Gcl (ε)(x) with, by
virtue of (5.29), (5.18), and of the neutrality onstraint (2.11) upon fuga-
ities,
Gcl (ε)(x) =
∑
γ
eγ
∫
dr′ θ(x′) zγεγ
[
1− L(κx′)]φ(0)(r, r′), (5.37)
whereas Φqu(κλ) is the leading term in the expansion of
−
∑
γ
eγ
∫
dr′ θ(x′) zγ e
−2x′2/λ2γ φ(0)(r, r′). (5.38)
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Sine
∫
dyφ(0)(x, x′,y) is a funtion of κx′ whih deays exponentially fast
when κx′ goes to innity, aording to (5.23),
Φqu(κλ)(x) =
∫ +∞
0
dx′
(
−
∑
γ
eγzγ e
−2x′2/λ2γ
) ∫
dyφ(0)(x, x′ = 0,y).
(5.39)
The lassial part Φcl(ε) in the eletrostati potential has already been
alulated in Ref.[1℄ with the result
Φcl(ε)(x) = −AM(κDx), (5.40)
where the funtion M is
M(u) =
∫ ∞
1
dt
e−2tu − 2te−u
1− (2t)2
1(
t+
√
t2 − 1)2 , (5.41)
and the onstant A reads
A =
√
πβ
∑
γ e
3
γρ
B
γ√∑
α e
2
αρ
B
α
. (5.42)
In (5.40), the argument ofM has been written κDx in plae of κx, by virtue
of (5.35).
The purely quantum part of the eletrostati potential drop is derived
from (5.39). Aording to the expression of
∫
dyφ(0)(x, x′,y) already used
in (5.20),
Φqu(κλ)(x) = −~B e−κDx, (5.43)
where the onstant B depends only on the uid omposition
B = π√
2
∑
γ(eγ/
√
mγ)ρ
B
γ√∑
α e
2
αρ
B
α
. (5.44)
We notie that the total eletrostati potential drop between the wall and
the uid bulk (set as the referene of eletrostati potentials) is equal at
leading order to
Φ(0) = −A
2
(
ln 3− 1− π√
3
)
− ~B. (5.45)
Φ(0) inludes both lassial and quantum orretions.
The struture of quantum partile densities derived from (5.33), (5.40)
and (5.43) is summarized in (1.10). In the fugaity expansion of the bulk
density ρBα, the expliit rst-order orretion to the value zα in an ideal
gas is derived from (5.34) and the expliit value of G(x). Sine Gqu(κλ)(x)
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tends towards zero when x goes to innity, the relation between ρBα and zα
does not inlude quantum ontributions proportional to ~ and reads
ρBα = zα
1 + βe2α
√
πβ
∑
γ
e2γρ
B
γ − βeα
√
πβ
∑
γ e
3
γρ
B
γ√∑
α e
2
αρ
B
α
+O(η2)
 .
(5.46)
Indeed, in the bulk, the spherial symmetry enfores quantum-dynamial
oupling eets to be at least of order (κλ)2, proportional to ~2, whereas
exhange eets are at least of order (λ/a)
3
, proportional to ~3. The ex-
pression (5.46) is in agreement with the result (5.28) of Ref.[3℄ alulated
diretly in the bulk. It does satisfy the eletroneutrality ondition (1.13).
The expression (1.10) of the quantum density prole at rst order in ε
and κλ an be rewritten in terms of the densities ρclα 's at rst order in ε in
the orresponding lassial system,
ρcl(ε)α (x) = ρ
B
α
[
1− εαL(κDx)− βeαΦcl(ε)(x)
]
, (5.47)
where L is dened in (5.14). At this leading order the lassial density
prole does not involve the short-range repulsion that must be introdued
in order to prevent the ollapse of the system in the limit where ~ tends to
zero (see e.g. Ref.[1℄). Indeed, (5.47) is obtained in a subregime where the
range σ of the short-distane repulsion is suh that ε2 ≤ (σ/a)3 ≪ ε. We
get
ρα(x) =
[
1− e−2x2/λ2α
]{
ρcl(ε)α (x)− ρBαβeαΦqu(κλ)(x)
}
+ρBαO(η2). (5.48)
The latter expression displays two quantum eets. We stress that the
eet linked to the vanishing of wave-funtions has an essential singularity
in ~. The quantum ontribution linear in ~ in the eletrostati potential is
allowed by the breakdown of spherial symmetry, whereas bulk quantum
eets in the physial regime of interest appear only at order ~2 [3℄, as
already mentioned.
6 Generi properties
6.1 Density proles
The struture (1.10) of density proles is ruled by the ompetition between
three eets. The purely quantum ontribution
[
1− e−2x2/λ2α
]
arises from
the vanishing of wave-funtions inside the wall. In the physial regime of
interest this eet is the same one as in an ideal gas (see (1.2)), up to
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amplitude orretions arising from Coulomb oupling. The seond term,
involving the funtion L, desribes the geometri repulsion due to the de-
formation of sreening louds near a wall [1℄. Indeed, a harge and its
surrounding sreening loud are more stable in a spherial geometry than
in the dissymmetri ongurations enfored by the presene of a wall. This
eet is purely lassial at the order of the present alulation. The term
eαΦ(x) desribes the interation between a partile with a harge eα and
the eletrostati potential drop, reated by the uid itself, with respet to
the bulk (set as the referene of eletrostati potentials). This ontribution
ontains both quantum and lassial eets.
In the very viinity of the wall, for x ≤ λ ≪ ξD (with λ = supα{λα}),
densities are mostly ruled by the quantum eet of the anellation of
wave-funtions inside the wall,
ρα(x) ∼
x≤λ≪ξD
ρBα
[
1− e−2x2/λ2α
]{
1− 1
6
κDβe
2
α − βeαΦ(0)
}
, (6.1)
where Φ(0) is given in (5.45). The heavier a partile speies is, the steeper
the vanishing of its density ours, sine dynamial quantum eets are
less important for heavy partiles. Densities and their rst derivatives
are ontinuous on the wall, as expeted, sine densities involve the squared
moduli of wavefuntions and the latter ones are ontinuous at the boundary
of a wall with a possible step variation in their rst derivatives.
At distanes from the wall large ompared with the quantum de Broglie
wavelengths, x≫ λ, densities vary over the lassial Debye sreening length
ρα(x) ∼
λ≪x≤ξD
ρBα
{
1− 1
2
κDβe
2
αL(κDx) + βeα
[
AM(κDx) + ~B e−κDx
]}
,
(6.2)
where A and B are given in (5.42) and (5.44) respetively. In this region,
density proles are determined by the interplay between the eet of the
lassial geometri repulsion desribed by L(κDx) and the eet of the ele-
trostati potential, with both lassial and quantum origins. L(κDx) and
M(κDx) vanish exponentially fast over the sales ξD/2 and ξD respetively.
As a onsequene, at distanes from the wall large ompared with the
lassial Debye sreening length ξD, the ontribution from the eletrostati
potential dominates in the density proles
ρα(x) − ρBα
ρBα
∼
x≫ξD
−βeαΦas e−κDx, (6.3)
where
Φas = −A
8
[
ln 3 +
π√
3
− 2
]
− ~B. (6.4)
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Equation (6.3) is valid in the generi ase where Φas 6= 0. Aording to
(5.42) and (5.44), Φas is likely to vanish only in a two-omponent plasma
where harges are opposite, e− = −e+ (A = 0), and where both speies
have the same mass (B = 0). When Φas 6= 0, if the harge eα has a sign
opposite to that of Φas, ρα(x) > ρ
B
α at suiently large distanes x, as
shown by (6.3).
6.2 Prole of the total partile density
At the order of alulations, the wall is repulsive for the global partile
density everywhere in the Coulomb uid, as in the lassial ase [1℄,∑
α
ρα(x) <
∑
α
ρBα. (6.5)
Indeed, aording to the struture (1.10) of densities, sine ρα(x) and
1− exp [−2x2/λ2α] are positive, the seond fator on the r.h.s. of (1.10) is
also positive in the onsidered regime of small parameters. Therefore the
eet of the vanishing of wavefuntions near the wall is to lower the density
ρα(x): (1.10) implies that at any distane x from the wall∑
α
ρα(x) <
∑
α
ρBα
[
1− 1
2
κDβe
2
α L(κDx)− βeαΦ(x)
]
. (6.6)
The ontribution from the eletrostati potential drop Φ(x) to the bound
in (6.6) vanishes beause of the bulk eletroneutrality (1.13), as in the ase
of
∑
α ρ
cl(ε)
α (x). Thus the bound involves only the sum of the ontributions
from lassial sreened self-energies. The orresponding geometri repul-
sion from the wall tends to redue the density of eah speies with respet
to its bulk value, and we get (6.5).
6.3 Charge density prole
Even if the Coulomb uid remains globally neutral, when speies have
dierent masses, the loal harge density
∑
α eαρα(x) is non zero, as well as
the assoiated eletrostati potential drop Φ(x). The property holds even in
the ase of a harge-symmetri two-omponent plasma where the lassial
harge density
∑
α eαρ
cl
α(x) vanishes for symmetry reasons (beause the two
speies have opposite harges). (The latter anellation an be heked at
rst order in ε where, by virtue of (5.47),
∑
α eαρ
cl(ε)
α is proportional to∑
γ e
3
γρ
B
γ .) The harge density prole is organized in various layers with
opposite signs whih depend on the omposition of the uid.
In the very viinity of the wall (x ≤ λ), when speies have dierent
masses, the harge-density prole exhibits a zeroth-order eet arising from
36
the anellations of the various wave-funtions over dierent sales. Indeed,
aording to (6.1) and (1.13),∑
α
eαρα(x) ∼
x≤λ≤ξD
−
∑
α
eαρ
B
αe
−2x2/λ2α + eρO (ε, κλ) , (6.7)
where ρ is the typial partile density. When all masses are equal,∑
α eαρα(x) is only of order eρO (ε, κλ) in this region, by virtue of the
bulk loal harge neutrality.
At distanes from the wall large with respet to the quantum lengths,
x ≫ λ, the harge density is an eet of order eρO (ε, κλ) whih is ruled
by the ompetition between the geometri repulsion from the wall and the
eletrostati potential drop (see (6.2)). Aording to (5.48) and (5.43),∑
α
eαρα(x) ∼
λ≪x≤ξD
∑
α
eαρ
cl(ε)
α (x) + ~B
κ2
D
4π
e−κDx,
where, by virtue of (5.47) and (5.40),∑
α
eαρ
cl(ε)
α (x) = −
1
2
κDβ
(∑
γ
e3γρ
B
γ
)[
L(κDx)−M(κDx)
]
. (6.8)
In the ase of a harge-symmetri two-omponent plasma
∑
α eαρα(x) is
purely quantum at distanes x≫ λ.
Eventually, the large-distane behavior of
∑
α eαρα(x) is merely ruled
by the eletrostati potential drop Φ(x), whih inludes both quantum and
lassial eets,∑
α
eαρα(x) ∼
x≫ξD
−κ
2
D
4π
[
Φcl(ε)as − ~B
]
e−κDx, (6.9)
where Φ
cl(ε)
as is given in (6.4). As it is the ase for the eletrostati potential
drop and for partile densities, the harge density inludes quantum eets,
linear in ~, whih exist far away from the wall over a few Debye sreening
lengths.
6.4 Global harge
The wall that we onsider does not arry any external surfae harge and
the global surfae eletroneutrality (1.15) of the Coulomb uid is fullled,
as heked in the present setion. At leading order O (ε, κλ) the global
surfae harge σ an be deomposed into leading lassial and quantum
ontributions: σ = σcl(ε) + σqu(κλ), where
σcl(ε) ≡
∫ +∞
0
dx
∑
α
eαρ
cl(ε)
α (x), (6.10)
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and σqu(κλ) is the term of order κλ in∫ +∞
0
dx
∑
α
eα
[
ρα(x)− ρcl(ε)α (x)
]
. (6.11)
We reall that, as mentioned after (5.47), the hard-ore that must be intro-
dued in order to prevent the lassial ollapse between opposite harges
does not appear at order ε in ρclα (x).
Sine the lassial densities already obey (1.15), whih is enfored by
marosopi eletrostatis, σcl(ε) and σqu(κλ) must vanish separately. As
heked in Ref.[1℄, the lassial ontribution σcl(ε) of order ε arising from∑
α eαρ
cl(ε)
α (x) does vanish.
The quantum term σqu(κλ) of order κλ arises only from the two quan-
tum terms −ρBα exp
[−2x2/λ2α] and −ρBαβeαΦqu(κλ)(x) in ρα(x)− ρcl(ε)α (x).
Indeed, aording to (5.48),
ρα(x)− ρcl(ε)α (x) = −ρBαe−2x
2/λ2α − ρBαβeαΦqu(κλ)(x) (6.12)
−
{[
ρcl(ε)α (x) − ρBα
]
− ρBαβeαΦqu(κλ)(x)
}
e−2x
2/λ2α .
The term in urly brakets is a funtion of order ρBαO(ε, κλ) whih deays
exponentially fast over the sale κ−1; by virtue of (5.23), after multipli-
ation by exp
[−2x2/λ2α] this term gives a ontribution of relative order
O (ε . κλ, (κλ)2) to σqu(κλ) dened in (6.11). Therefore
σqu(κλ) = σ
qu(κλ)
< + σ
qu(κλ)
> with
σ
qu(κλ)
< ≡ −
∫ +∞
0
dx
∑
α
eαρ
B
αe
−2x2 / λ2α = −~ 1
2
√
πβ
2
∑
α
eα√
mα
ρBα (6.13)
and
σ
qu(κλ)
> ≡ −
∫ +∞
0
dx
∑
α
e2αρ
B
αβΦ
qu(κλ)(x), (6.14)
where Φqu(κλ)(x) is given in (5.43).
The ~-ontribution σ
qu(κλ)
< to the global harge σ is aneled by the
ontribution σ
qu(κλ)
> . Therefore, the quantum term βeαΦ
qu(κλ)(x) in den-
sity proles, whih varies over the lassial Debye sreening length, an be
seen as being enfored by the interplay between the global surfai ele-
troneutrality ondition and the fat that, when wave-funtions vanish over
dierent length sales, a harge-density prole appears in the very viinity
of the wall even in the zero-oupling limit (see (2.29)).
The previous alulation an also be interpreted as follows. We no-
tie that σ
qu(κλ)
< and σ
qu(κλ)
> an be viewed as the leading ~-terms in the
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ontributions to σqu from the regions x < l and x > l respetively, with
λ≪ l ≪ ξD. Indeed,
σ
qu(κλ)
< = lim
(λ/l)→0
lim
(l/ξD)→0
(∫ l
0
dx
∑
α
eα
[
ρα(x) − ρcl(ε)α (x)
])(κλ)
, (6.15)
whereas
σ
qu(κλ)
> = lim
(λ/l)→0
lim
(l/ξD)→0
(∫ +∞
l
dx
∑
α
eα
[
ρα(x) − ρcl(ε)α (x)
])(κλ)
,
(6.16)
where ρα(x)−ρcl(ε)α (x) is given in (6.12). l an be identied with the mean
interpartile distane a, by virtue of (1.8). Therefore, sine λ≪ a, σqu(κλ)<
an be seen as a surfae harge loated in the plane x = 0, whereas σ
qu(κλ)
>
is spread in the uid over the sale ξD. On the other hand, aording to
(5.39) and (6.13), Φqu(κλ)(x) may be written as
Φqu(κλ)(x) =
∫
dr′σ
qu(κλ)
< δ(x
′)φ(0)(r, r′). (6.17)
The interpretation of the latter equation is that Φqu(κλ)(x) is the lassially-
sreened eletrostati potential reated by the part of the uid harge-
density prole whih is onentrated near the wall.
In the ase of an intrinsi semiondutor near a juntion, the system
of eletrons and positive holes in the ondution band an be onsidered
as a two-omponent Coulomb uid of harges −qe and +qe embedded in a
medium of relative dieletri onstant ǫm. qe is the absolute value of the
eletron harge and energy terms involve e ≡ qe/√ǫm (see the omment
after (1.1)). Sine the semiondutor is intrinsi, the densities ρ− and ρ+
are equal to eah other. They are determined from the energy gap EG and
from the eetive masses meff− and m
eff
+ by [15℄
ρ = ρ±(β) =
1
4
(
2
πβ~2
)3/2 (
meff− m
eff
+
)3/4
e−βEG/2. (6.18)
Sine the system is harge-symmetri, there is no lassial ontribution to
the potential drop Φ(x) and (1.10) beomes
ρ±(x) = ρ
(
1− e−2x2/λ2±
)[
1− εL(κDx)∓ β qe√
ǫm
Φqu(0)e−κDx
]
, (6.19)
where ε ≡ βq2e/(2ǫm) and, aording to (5.43) and (5.44),
β
qe√
ǫm
Φqu(0) =
1
4
√
π
2
κDλ−
[
1−
√
meff−
meff+
]
. (6.20)
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(We notie that on priniple the expression (6.19) is valid only when the
wall has the same dieletri onstant as the medium where harge arriers
move.)
In the ase of GaSb, EG = 0.67 eV at 273K, m
eff
− = 0.047me, m
eff
+ =
0.5me (where me is the eletron mass), and ǫm = 15. This system is in
the regime (1.9) for whih expliit analytial expressions are alulated in
the present paper: κDλ− = 2.5 10
−3
, ε = 6 10−4, (λ−/a)
3 = 2 10−6 (with
(4/3)πa3−ρ− = 1). (The length sales are λ+ ∼ 2.5 nm, λ− ∼ 8.3 nm,
a ∼ 640 nm and ξD ∼ 3300 nm.) The vanishing of partile densities ours
on two dierent sales λ+ and λ− ∼ 3.3λ+. Aording to (6.13), where
eα = ±qe, the resultant surfae harge loated on the wall (over the width
λ−) is σ
qu(κλ)
< = 5 10
−14Ccm−2 = 3 105qe cm
−2
. The bulk density of harge
arriers is ρ−+ρ+ ∼ 2 1012 cm−3 and the harge density at distanes x > a
is ρc exp[−κDx] with, aording to (6.19) and (6.20), ρc = 109 qecm−3.
Thus ρcλ− ∼ 1 qe cm−2 is indeed negligible ompared with σqu(κλ)< . The
potential drop Φqu(0) = 1.3 10−5eV remains negligible with respet to the
energy gap.
7 Comment
In this setion, we omment on the ase where the wall is made of a diele-
tri material, haraterized by a relative dieletri onstant ǫW with respet
to the vauum, when ǫW is dierent from the relative dieletri onstant ǫm
of the medium where harges move. Then the Coulomb interation reads
vW (r, r
′) =
1
|r− r′| −∆el
1
|r− r′⋆| (7.1)
with ∆el = (ǫW − ǫm)/(ǫW + ǫm). The response of the wall indued by
the presene of a partile with harge eα (whih inludes a fator 1/
√
ǫm
in interation terms) is equivalent to the presene of an image harge at
position r⋆, symmetri of the real-partile position r with respet to the
wall, and whih arries a harge −∆el eα. The Hamiltonian also involves
the self-energy −∆el e2α/4x, due to the interation of a partile with its own
image harge. The orresponding loop self-energy an be inorporated in
the loop fugaity z(L), whih now reads
z(L) = zαθ(x) exp
[
∆el
βe2α
4
∫ 1
0
ds
1
x+ λαξx(s)
]
. (7.2)
In order to exhibit the sreening of the self-energy, whih is not inte-
grable at large distanes x from the wall, we have performed a resummation
in two steps, whih generalizes the method devised for lassial systems in
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Ref.[5℄. The hoie of the same nine resummed bonds as those in Setion
3.2 ombined with the two-step resummation leads to resummed weights
whih are integrable, beause they involve only sreened loop-fugaities.
Indeed, in the one-step resummation of Setion 3.2 the weights orre-
sponding to the nine resummed bonds are zsc(L) and zsc(L)−z(L), instead
of the weights z(L) and zsc(L) − z(L) that arise when there are only ve
resummed bonds without any double bond, suh as [F c c]
2
/2, as it is
done in Ref.[4℄. At the end of the two-step resummation proess, the on-
strution rules for resummed diagrams are the same ones as in the one-step
resummation of Setion 3.2, with the only dierene that weights zsc(L)
and zsc(L)−z(L) are replaed by weights zsc[2](L) and zsc[2](L)−zsc[1](L).
These weights are integrable at large distanes x from the wall, beause
both zsc[2](L) and zsc[1](L) result from resummations of Coulomb ring sub-
diagrams.
More preisely, the expressions of the resummed loop fugaities zsc[i](L)
(with i = 1, 2) are given by (3.11) and (3.12) where the value of z(L)
is that given in (7.2) and φ − v in Vsccloud(L) is replaed by φ[i]W − vW ;
the φ
[i]
W 's have the same boundary onditions as vW written in (7.1) and
they obey the inhomogeneous Debye equation (1.16) where κ[1]
2
(x) ≡
4πβ
∑
α e
2
α
∫ Dx,α(ξ) z(L) and κ[2]2(x) ≡ 4πβ∑α e2α ∫ Dx,α(ξ) zsc[1](L).
(Resummed bonds are dened with φ
[2]
W in plae of φ.)
As a onsequene of quantum dynamis, sreened loop self-energies (and
subsequently partile densities) are found to approah their bulk values
only with an integrable 1/x3 tail, whereas the partile self-energy due to
the eletrostati response of the wall is exponentially sreened in lassial
systems [16, 1℄. Even for bulk properties [17, 18℄, sreening in quantum
systems is less eient than in lassial uids.
More preisely, the sreened loop self-energy in zsc[1](L) or zsc[2](L) is
the sum of two ontributions. The exponentially-deaying part has the
same deay at large distanes from the wall as the sreened self-energy of
a lassial harge [5℄. The algebrai 1/x3 tail arises from the other part,
whih reads
∆el
e2α
2
∫ 1
0
ds
∫ 1
0
ds′
(
1− δ(s− s′)
) 1
|r+ λαξ(s)− r⋆ − λαξ⋆(s′)| (7.3)
(See the analogous term (3.9) in the sreened pair interation). In the low-
degeneray and weak-oupling regime the partile density ρα(x) does not
seem to have a simple expliit value, beause of the self-energy ontributions
arising from the dieletri response of the wall.
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A : Resummation of large-distane Coulomb
divergenes
In this appendix, we display the resummation of Coulomb divergenes in
the Mayer representation (3.2) for the loop-fugaity expansion of the loop
density. We use the same deomposition of f -bonds as the one performed
in Appendix B of Ref. [4℄. (The a priori arbitrary deomposition is hosen
aording to the properties to be studied after resummation.) The f -bond
is written as the sum of ten auxiliary bonds f˜ ,
f(L,L′) =
{
f c c + fmc + f cm + fmm
+
1
2
[f c c]
2
+ f c cfmc + f c cf cm +
1
2
[fmc]
2
+
1
2
[f cm]
2
+ fTT
}
(L,L′).
(A.1)
Bonds f c c, fmc, f cm and fmm are dened from the multipolar deom-
position (3.3) and are introdued in order to handle lassial exponential
sreening. These bonds read
fa b(L,L′) = −βeαeα′ Va b(L,L′), (A.2)
where supersripts a and b stand either for c or m, and where we have
set Vc c(L,L′) ≡ v(r − r′),. fTT is dened by (A.1). Double f -bonds
(suh as [f c c]2 /2, f c cf cm, ...) are not involved in the series representation
(3.2) where two points an be linked by at most one f -bond. We hoose
to make them appear in the deomposition (A.1) in order to obtain a
nite sum for the ontribution from all possible ring subdiagrams whih
are dened hereafter. When the deomposition (A.1) is introdued in the
Mayer representation (3.2) of the loop density, diagrams G are replaed
by diagrams G˜ built with the ten f˜ -bonds dened in (A.2) and the same
topologial rules as diagrams G.
The resummation proedure relies on the integration over the inter-
mediate points (alled Coulomb points) of all possible Coulomb-hain or
Coulomb-ring subdiagrams. A Coulomb-hain subdiagram between two
points L and L′ is equal to∫
dL1 · · · dLN fa c(L,L1) z(L1) f c c(L1,L2) z(L2) f c c(L2,L3)
× · · · z(LN ) f c b(LN ,L′) (A.3)
with an arbitrary number N ≥ 1 of internal points. A Coulomb-ring sub-
diagram attahed to a point L is a losed Coulomb-hain subdiagram, i.e.
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with L = L′ (see Fig.5). It is equal either to ∫ dL1 z(L1) [f c c(L,L1)]2 /2,∫
dL1 z(L1) [fmc(L,L1)]2 /2 ,
∫
dL1 z(L1)f c c(L,L1)fmc(L,L1) or
1
S
∫
dL1 · · · dLN fa c(L,L1) z(L1) f c c(L1,L2) z(L2) f c c(L2,L3)
× · · · z(LN ) f c b(LN ,L) (A.4)
where S is the symmetry fator of the Coulomb-ring subdiagram (S = 2
if a = b and S = 1 otherwise). Coulomb-ring subdiagrams do exist in
diagrams G˜, beause the latter ones ontain artiulation points.
Diagrams G˜ an be olleted into lasses of a partition where all di-
agrams G˜ inside the same lass lead to the same prototype diagram P⋆
after erasing the intermediate points of all Coulomb-hain or Coulomb-
ring subdiagrams. When resummed bonds are dened, some exluded-
omposition rules ensure a one-to-one orrespondene between eah lass
in the partition of diagrams G˜ and eah diagram P⋆. In the present paper,
we hoose to build prototype diagrams P⋆ made with bonds F c c, F cm,
Fmc, (1/2) [F c c]
2
, (1/2) [F cm]
2
, (1/2) [Fmc]
2
, F c cF cm, FmcF c c and FRT
(see (3.7)). This hoie leads to resummed diagrams where the new weight
of every point is onvenient for dealing with the ase of a wall with a
dieletri response, as explained in Setion 7.
The bond F c c(L,L′) between two loops L and L′ of a prototype dia-
gram P
⋆
is dened as the sum of the bond f c c(L,L′) and of all Coulomb
hains involving only f c c-bonds between L and L′ (see Fig. 2). The bond
Fmc(L,L′) is the sum of the bond fmc(L,L′) and of all Coulomb hains
(A.3) with a = m and b = c (see Fig.3). Bonds [F c c]
2
/2, [F cm]
2
/2,
[Fmc]2 /2, F c cF cm and F c cFmc between two points L and L′ originate
from subdiagrams with either one bond (1/2) [f c c]
2
, (1/2) [f cm]
2
,
(1/2) [fmc]
2
, f c cf cm, or f c cfmc respetively, or from subdiagrams with
two Coulomb hains between L and L′ (see Fig.4). In Ref.[4℄, the proto-
type diagrams were hosen to be built with only ve resummed bonds alled
F c c, F cm, Fmc and FRz and FRTz . Sine the resummation proedure relies
on the integration over the same intermediate points in the same diagrams
G˜ in both ases, the expressions of F c c and Fmc are the same (see Eqs.
(3.7a) and (3.7b)), while FRT is equal to
FRT = FRz −
1
2
[F c c]
2− 1
2
[F cm]
2− 1
2
[Fmc]
2−F c c.F cm−F c c.Fmc. (A.5)
>From the expression of FRz derived in Ref. [4℄, we get the value (3.7).
The exluded-omposition rule is dierent from those of Ref.[4℄, be-
ause resummed bonds are dierent in the present ase. The rule arises
from the following arguments. When L is the intermediate point of the
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hain F ac(Li,L)F cb(L,Lj) with i 6= j and is not involved in any other
bond, or when L appears only in one bond (1/2) [F ac(Li,L)]2 (with a = c
or m) or one bond F c c(Li,L)Fmc(Li,L), the reason why L has not dis-
appeared in the resummation proess an only be that L arried at least
one Coulomb ring in every diagram G˜ in the lass whih leads to the di-
agram P⋆ after erasing Coulomb points. Therefore, after integration over
Coulomb points, the weight z(L) attahed to point L in diagrams G˜ is
multiplied in diagrams P⋆ by the sum of all produts of Coulomb rings
attahed to L. As argued in Ref.[4℄, the sum is equal to exp Ir − 1, where
Ir is the sum of all possible Coulomb rings (see Fig. 5). The orresponding
weight is equal to zsc(L) − z(L) where zsc(L) ≡ z(L) exp Ir. Ir is linked
to the sreened potential φ by Ir = −βe2αVsccloud where Vsccloud is dened in
(3.12). zsc(L) exhibits the stabilizing eet of sreening louds [5℄. When
L is not involved only in a produt F ac(Li,L)F cb(L,Lj) (where Li may
oinides with Lj), L may arry no Coulomb ring in the diagrams G˜ of the
orresponding lass, and its weight in diagrams P⋆ is equal to zsc(L).
B : Saling analysis
In this appendix, we perform the saling analysis of diagrams with one
internal point in the resummed Mayer expansion (3.10).
B.1 Fmc- and F cm-bonds
A simple saling analysis of the ontribution from diagrams with either one
bond F cm(L,L′) or one bond Fmc(L,L′) is obtained by a Taylor expansion
of their expressions (see (3.7b)) around their lassial values.
In the ase of diagram with one bond Fmc the Taylor expansion in the
variable λαξ(s) an be fatorized: the leading order is given by∫ 1
0
dsλαξ(s).∇r
(∫
dL′F c c(L,L′) zsc(L′)
)
. (B.1)
Aording to the disussion in Setion 5.4, at leading order the parenthesis
proves to be a funtion of r whih varies over the sale κ−1. By using the
fat that the ation of the gradient λα∇r on a funtion of κr multiplies its
order by κλα, we get from (5.22) that∫
dL′Fmc(L,L′) zsc(L′) = O
(
ε.κλ, (κλ)
2
)
. (B.2)
The diagram with one bond F cm(L,L′) involves integrated moments
of ξ′, whih depend on λγ , and
∑
γ eγzγ an no longer be fatorized at
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leading order. Moreover, the rst moment of the x-omponent of ξ does
not vanish, and the order of
∫
dL′F cm(L,L′) zsc(L′) is given by
∑
γ
zγ
∫
dr′
(∫ 1
0
ds
∫
Dx′,γ(ξ′) ξ′x′(s)
)
λγ
∂F c c(r, r′)
∂x′
(B.3)
At leading order λγ∂F
c c(r, r′)/∂x′ is a funtion of κr and κr′, while,
as an be heked in (2.18), the mean extension of a Brownian path,∫ 1
0 ds
∫ Dx′,γ(ξ′) ξ′x′(s), vanishes gaussianly fast when x′/λγ goes to in-
nity. The latter funtion makes the next x′-integration onvergent over
the sale λ (and not κ−1). Therefore, as in (5.23), the order of the integral
(B.3) is equal to κλ times the order of zγ
∫
dr′ λγ∂F
c c(r, r′)/∂x′. Sine at
leading order F c c(r, r′) is a funtion of κr and κr′, the latter integral is of
order κλ times the order of zγ
∫
dr′ F c c(L,L′), whih is equal to O(1) by
virtue of (5.21). Eventually∫
dL′F cm(L,L′) zsc(L′) = O
(
(κλ)2
)
. (B.4)
B.2 Multiple bonds
In the ase of multiple bonds, the dependene upon the speies of the loop
L′ is not redued to eγzγ . Therefore, ontrary to what happens in the ase
of F c c, the neutrality onstraint on fugaities (2.11) no longer inreases
the atual order with respet to that given by pure saling analysis. For
instane, sine [F c c]
2
is proportional to ε2
[
φ˜(0)(r˜, r˜′)
]2
, while F c c is pro-
portional to εφ˜(0)(r˜, r˜′), (5.21) implies that∫
dL′ 1
2
[F c c]2 (L,L′)zsc(L′) = O(ε). (B.5)
However, owing to the onstrution rule (3.13) about fugaities, the internal
point in the diagram made with one bond [F c c]2 /2 has a weight equal to
[zsc(L′)− z(L′)]. By virtue of (5.15), the latter weight is of order O(zε)
and (B.5) leads to∫
dL′ 1
2
[F c c]2 (L,L′) [zsc(L′)− z(L′)] = O(ε2). (B.6)
Similarly diagrams [F c cFmc] (L,L′) and 12 [Fmc]2 (L,L′) also have an
internal point whih arries the weight zsc(L′)−z(L′). Only the moments of
the Brownian path ξ, whih is assoiated with the nonintegrated position
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x, are involved and, aording to the argument leading to (B.2) and by
virtue of (B.6), the ontributions from these diagrams are∫
dL′ [F c cFmc]L,L′) [zsc(L′)− z(L′)] = O (ε2 . κλ) (B.7)
and ∫
dL′ 1
2
[Fmc]2 (L,L′) [zsc(L′)− z(L′)] = O
(
ε2 . (κλ)2
)
. (B.8)
For the bond [F c cF cm], by virtue of the mehanism involved in (B.4),
the integration over x′ of the rst moment of the Brownian path ξ′ leads
to an extra fator (κλ)2 with respet to the order (B.5) of the ontribution
from [F c c]
2
/2, namely∫
dL′ [F c cF cm] (L,L′) zsc(L′) = O
(
ε . (κλ)2
)
. (B.9)
At leading order the bond [F cm]
2
/2 involves the seond moment of the
Brownian path ξ′. This moment tends to a non-zero value when x goes to
innity, so that the integration over x′ still onverges over the sale κ−1.
Therefore, aording to the argument leading to (B.2), the order of the
ontribution from [F cm]2 /2 has an extra fator of order (κλ)2 with respet
to (B.5), ∫
dL′ 1
2
[F cm]
2
(L,L′) zsc(L′) = O (ε . (κλ)2) . (B.10)
B.3 FRT-bond
Let us onsider the diagram made of a single bond FRT. The integration
over the Brownian path ξ′ makes the integral over r′ onvergent at small
distanes |r − r′|. The order of the ontribution from this diagram an be
inferred from the known results about the bond F ⋆
RT
obtained by adding
to FRT the double bonds dierent from [F
c c]
2
/2, whih do not ontribute
to the integrability of FRT at large distanes |r − r′| in the limit where ε
vanishes. F ⋆
RT
is dened by
FRT = F
⋆
RT
− 1
2
[F cm]
2 − 1
2
[Fmc]
2 − F c c.F cm − F c c.Fmc. (B.11)
where FRT is given in (3.7).
The order of the ontribution of
∫
dr′
∫ Dx,α(ξ) ∫ Dx′,γ(ξ′)F ⋆RT(L,L′)
has been studied in the bulk situation in Ref.[19℄ (and a similar alulation
also appears in Ref.[20℄). Let us introdue the thermal de Broglie wave-
length λαγ assoiated with the redued mass mαmγ/(mα + mγ). In the
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bulk, the onsidered integral proves to be the sum of a term of order λ3αγ
times an analyti funtion Q(ξαγ) of the parameter ξαγ ≡ −βeαeγ/λαγ
[14℄, plus a term of order (βeαeγ)λ
2
(with two ontributions where λ = λα
or λ = λγ). The latter diration term arises from the seond moments
of the Brownian paths. There is no term proportional to (βeαeγ)
2λ, be-
ause the rst moment of a Brownian path vanishes in the bulk, by virtue
of the spherial symmetry.
In the viinity of the wall, the preise alulation is more deliate than
in the bulk. However, we may expet to obtain the same orders λ3αγ and
(βeαeγ)λ
2
as in the bulk, plus a term of order (βeαeγ)
2λ allowed by the
anisotropy introdued by the presene of the wall. Sine the fugaity zsc(L′)
is of order O(ρ) = O(a−3), the ontribution from the diagram made of a
single FRT-bond an be viewed as the sum of four terms with respetive
orders (
λ
a
)3
QW
(
−βeαeγ
λαγ
)
, (B.12)
where QW is dened similarly to Q mentioned previously [14℄ with the only
dierene that spae integrals are restrited to x > 0 and x′ > 0,(
βeαeγ
a
)(
λ
a
)2
= O ((κλ)2) , (B.13)
(
βeαeγ
a
)2(
λ
a
)
= O (ε . κλ) , (B.14)
and (
βeαeγ
a
)3
ln(κλ) = O (ε2 ln(κλ)) . (B.15)
In these equalities we have used the relations (1.6) and (5.1).
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